Solitary water waves of large amplitude generated by surface
pressure
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Abstract

We consider exact nonlinear solitary water waves on a shear flow with an arbitrary distribu-
tion of vorticity. Ignoring surface tension, we impose a non-constant pressure on the free surface.
Starting from a uniform shear flow with a flat free surface and a supercritical wave speed, we
vary the surface pressure and use a continuation argument to construct a global connected set
of symmetric solitary waves. This set includes waves of depression whose profiles increase mono-
tonically from a central trough where the surface pressure is at its lowest, as well as waves of
elevation whose profiles decrease monotonically from a central crest where the surface pressure is
at its highest. There may also be two waves in this connected set with identical surface pressure,
only one of which is a wave of depression.
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1 Introduction

1.1 Informal discussion of results

We consider steady traveling waves in a two-dimensional, incompressible, inviscid fluid under the
influence of gravity. The fluid is bounded below by a horizontal bed and above by a free surface.
In addition to the usual kinematic boundary conditions, we impose a non-constant pressure on the
free surface which tends to a constant “atmospheric” value at infinity. Such a surface pressure can
be used, for instance, to model the influence of a ship. We consider the effect of surface tension to
be negligible.

Localized pressure disturbances on the free surfaces of uniform flows have been well-studied in
the linearized irrotational literature [Sto92, KMV02]. The effect of the disturbance depends on the
Froude number F, which is a dimensionless measure of the wave speed c. For supercritical Froude
numbers F' > 1, the free surface is asymptotically flat at infinity. For subcritical Froude numbers
F < 1, on the other hand, there may be periodic behavior far upstream or downstream, though the
waves which are expected to occur in reality are only periodic downstream [Bea80].

In this paper, we construct nonlinear solitary waves with large amplitude under the assumption
that the Froude number is supercritical. We allow for an arbitrary distribution of vorticity; at
infinity these waves converge to a uniform shear flow whose horizontal velocity U is not necessarily
constant but may depend on the vertical variable y. Our definition of the Froude number for waves
with vorticity is given in . We also assume that both the free surface and surface pressure are
symmetric, and that the surface pressure has at most one local extremum. To find large-amplitude
waves, we start from a uniform shear flow and apply a degree-theoretic continuation argument in
which the surface pressure is varied while the asymptotic shear flow U(y) and Froude number F' are
held fixed.

For small-amplitude waves, the relationship between the surface pressure and the height of the
free surface depends on the Froude number. William Thomson (Lord Kelvin) gives an elegant
account of this relationship in an 1887 lecture [Tho87]:

“Now to find mathematically the velocity of progression of a free wave, proceed thus. Take
your gutta-percha form [model ship hull] and hold it stationary on the surface of the water; the
water-pressure is less at the crest and greater at the hollow; by the law of hydrostatics, the deeper
down you go, the greater is the pressure. Move your form along very rapidly, and a certain result,
a centrifugal force, due to the inertia of the flowing water, will now cause the pressure to be
greatest at the crest and least at the lowest point of the hollow. Move it along at exactly the
proper speed, and you will cause the pressure to be equal all over the surface of the gutta-percha
form. We only had it in imagination. Having imagined it and got what we wanted out of it,
discard it when moving at exactly this proper speed, and then you have a free wave.”

For slower (subcritical) waves, we expect the surface pressure to be lower at crests and higher at
troughs. For the “very rapid” (supercritical) waves which we consider in this paper, however, we
expect the reverse: the surface pressure is higher at crests and lower at troughs (see Corollaries
and for more precise statements).



The waves that we construct fall into three categories. The first two, which always exist, are
solitary waves of elevation (depression) whose free surfaces decrease (increase) monotonically from
a central crest (trough), see Theorem As for small-amplitude supercritical waves, the surface
pressures for these waves are higher at crests and lower at troughs. Under some assumptions on the
waves of elevation, including the existence of a nontrivial “free wave” with constant surface pressure,
there also exist waves of a third type, see Theorem Some of these waves have the same surface
pressures as the waves of depression mentioned above, but unlike those waves of depression have one
or more tall crests. Analogues of these three types of solutions have been observed numerically for
a related problem [AVB94].

1.2 Statement of the main results

We denote the horizontal bed by y = 0 and the free surface by y = n(z,t). Fixing the constant wave
speed ¢ > 0, we assume that the motion is steady in that the free surface 7, velocity field (u,v), and
pressure P depend only on z — ¢t and y. Relabeling x — ¢t as x, (u,v) and P satisfy the stationary
Euler equations

(u — )ug + vuy = — Py, (u—c)vg +vuy = —Py — g, Uz + vy = 0, (1.1a)

in the fluid domain D, = {(z,y) : —d < y < n(x)}, together with the usual kinematic boundary
conditions

v=0 ony=0, v=(u—c)n, ony=n(x). (1.1b)
Ignoring the effect of surface tension, we also prescribe the pressure on the free surface,
P = Pym + R(z) ony=n(x). (1.1c)

Here R(x) vanishes as x — =+00, but is not necessarily small, and represents the deviation of the
surface pressure from the (constant) atmospheric pressure Py, at @ = £oo. In the classical water
wave problem, R = 0. We also impose asymptotic conditions

n—0, v—=0, u—U(y), as r — Foo, (1.1d)

uniformly in y, where U(y) is the horizontal velocity of the shear flow at x = +o00. The requirement
that 7 vanish at infinity ensures that d is the asymptotic depth of the fluid.
Assuming that U(y) < ¢, we define the Froude number F' by

1 0 d

7= v 1
In this paper we will only consider supercritical Froude numbers F' > 1. We assume further that
u < ¢ throughout the fluid, which we call our no-stagnation assumption because it rules out the
existence of points (x,y), called stagnation points, where (u,v) = (¢,0). We will deal primarily with
symmetric waves, that is waves where u, 1, and R are even in x while v is odd in x. We call a wave
trivial if n =0, v =0, and u = U(y). A wave of elevation is one with n(x) > 0 for all x € R, while
a wave of depression has n(x) < 0 for all xz. We call a symmetric wave monotone if n and 1’ have
opposite signs for  # 0. We call a wave a free wave if it has R = 0.

For the purposes of continuation, we introduce a pressure parameter 5 € R and consider a 1-
parameter family R = R(x;3) of surface pressures. A simple example is R(z;3) = BR%(z) where
RY € LY(R) is even, nonnegative, and monotone decreasing for = > 0. More generally, R(z; () is a
family of even functions with R(z;0) = 0 and

2BR(2;8) <0, lim R(0;8) = +o, / sup [R(z; )] dz < oo, (1.3)
B—~+o00 R |B|l<M



for any M > 0. Note that we make no assumptions about the behavior of R as  — —oo. One
physically meaningful choice would be for the surface pressure R(0; 3) at the origin to tend to —oo;
another would be for the force [, R(z; /) dx exerted by R on a flat free surface to tend to —oo.

To state our main results, we now fix the constants g, c,d > 0 and a Holder parameter o € (0, 1).
We fix a shear flow U € C3+%[—d,0] with maxU < ¢ and F' > 1, and also a l-parameter family
R(x; B) as above with 3 — R(-;f) in C*(R,C2T*(R)). We then seek symmetric solutions

(B,u,v,m) € R x CET(D,) x C2T(Dy,) x C2T(R)
of (1.1). Our first result is the following:

Theorem 1.1. The trivial solution (B,u,v,n) = (0,U,0,0) of (1.1 lies on a unique C? curve of
solutions 61 :

(u,v,m) = (u,v,n)(B), B < B < By, —00 < - <0< By <oo, (1.4)

with the following properties. Solutions in €1 with 8 > 0 are monotone waves of elevation, those
with B < 0 are monotone waves of depression, and all solutions in 61 satisfy

n(x) dy
sup YW 15
ow [ ety (15)

Moreover, as 8 — P4+ along € either (1.5) tends to an equality or supp, u — C. As B — P we
have the same two alternatives or else f_ = —oo.

We call the possibility sup p, ¥ — cin Theorem stagnation; it means there are waves in
%1 which come arbitrarily close to violating our assumption v < ¢. We make no claim that v is
simultaneously near 0. We do not give a physical interpretation of , but do note its similarity
to the definition of the Froude number F. Indeed, the trivial solution (0,U,0,0) satisfies
if and only if ' > 1. If f_ = —o0, then we have found solutions for all negative values of
8. The significance of these solutions depends on the behavior of R as § — —oo, which we have
not specified. In Appendix we consider an explicit family of solutions of with constant
vorticity. This family includes sequences of waves of depression where the surface pressure R(0) at
the central trough tends to —oo while the height 7(0) + d of the trough above the bed tends to 0. It
also includes waves of elevation arbitrarily close to stagnation.

In our next result, we completely remove the restriction and extend %) to a possibly larger
connected set €, U %, of solutions. The monotonicity properties of %} are preserved, but %Qi are
no longer necessarily curves. Along ‘5; there is also a new alternative: there exists a nontrivial free
wave in ‘5;, that is a wave with constant pressure P = P, on its free surface.

Theorem 1.2. The set 6] = ¢1 N{B < 0} is contained in a connected set €, of monotone waves
of depression with B < 0 satisfying one of the two alternatives

(i7) (Stagnation) supsupu = c; or
¢y Dn
(ii7) (B large and negative) inf 8 = —oo.

2

The set €;" = €1 N{B > 0} is contained in a connected set ‘5; of monotone waves of elevation with
B > 0 satisfying one of the two alternatives

(it) (Stagnation) supsupu = c¢; or
‘5; Dy

(iit) (Free wave) There exists a solution other than (0,U,0,0) in €,  with B = 0.



(b)

Figure 1: (a) The alternatives in Theorem (b) The alternatives in Theorem |1.4]

The various alternatives in Theorem are illustrated in Figure [lh. Comparing Theorem
with Theorem |1.1} we see that the restriction (1.5) has been completely eliminated for %, , while
for CK; it is replaced by the new alternative d At least in some special cases, we expect that
alternative |(i7)| can be eliminated, leaving the single alternative |(ii~)|for €, . In Section |L.4] we give
a partial result in this direction: If the shear flow U satisfies certain conditions, then alternative
implies that the free surface becomes vertical along %, .

In our last result we consider what happens to the free wave in alternative as (3 is decreased
below 0. It seems unlikely that it will remain monotone. One possibility is that the central crest
splits into two humps, and that along some sequence of solutions these humps translate to x = +oo.
This behavior was observed numerically in [AVB94] for a related problem. To describe this and
similar situations we make the following definition:

Definition 1.3 (Oscillatory sequence). We call a sequence of symmetric solutions (B, tn, Un, )
of (1.1) non-oscillatory if there exists M > 0 such that each v, does not change sign for =z > M.
Otherwise we call (8, un, Un, M) oscillatory.

Note that, since v = (u — ¢)n, on the free surface and u < ¢ throughout the fluid, the sign of 7,
is determined by the sign of v on the free surface.

Theorem 1.4. Consider the same situation as in Theorem . Suppose that alternative does
not hold, so that €, meets {3 = 0}. Then €5 is contained in a bigger connected set € of (possibly
non-monotone) solutions such that

(a) Some waves in €5 have B < 0. The mazimum heights d+maxn above the bottom of all waves
in €3 N{B < 0} are bounded below by d*. The depth d* is defined in Section and s greater
than d. In particular, €5 does not meet €, .

(b) One of the following three alternatives holds:
(iii) (Stagnation) sup supu = c; or
e D

(iv) (B large and negative) inf [ = —o0; or
G\,

(v) (Oscillation) €5 \ €5 contains an oscillatory sequence (B, Un, Vn, Mn)-

Thus in Theorem we can replace the single alternative for CK; by the three alternatives
and for €3, which are illustrated in Figure . Notice in part @ of the theorem that,

unlike waves in ¢, , waves in 45 with 8 < 0 are not waves of depression. We remark that results
similar to Theorems and can be obtained by continuing from a nontrivial free wave (0, u, v, n)



which is non-degenerate in the sense that the corresponding linearized operator is invertible. Such a
wave is guaranteed to exist when the Froude number F is sufficiently close to 1 [Whe, [Hur08al, [GW0S].

We now compare the above results with [AVB94]. In that paper, Asavanant and Vanden-Broeck
numerically compute irrotational waves which have a parabolic obstacle with equation y = %e + Yo
lying on their free surface. The points +L/2 where the free surface separates from the obstacle are
additional unknowns in the problem. These waves will generally have non-constant surface pressure
R(z) for |z| < L/2, but this is not computed in the paper. In particular, we do not know if R
satisfies the monotonicity assumption in ([1.3).

Asavanant and Vanden-Broeck identify three families of supercritical waves. Waves of the first
type have a concave object resting below the level of the free surface at infinity (e > 0, yo < 0).
From the figures they appear to be monotone waves of depression, and they approach uniform flows
as € — 0. Thus solutions of this first type are analogous to those in ¢, . Solutions of the second type
have a concave object resting above the level of the free surface at infinity (¢ > 0, yo > 0). Ase — 0,
they do not approach uniform flows. Some of these solutions are perturbations of nontrivial flows
with € = 0. Others have free surfaces with two ‘bumps’ surrounding a central ‘valley’. As e — 0, these
bumps translate to oo without decreasing in amplitude, forming an oscillatory sequence according
to Definition Thus waves of this second type are analogous to those in %5 \‘5;. Finally, there
is a third type of solution, with a convex object resting above the level of the free surface at infinity
(e <0, yo > 0). From the figures they appear to be monotone waves of elevation. Some of these
solutions are perturbations of a uniform flow, while others are perturbations of nontrivial flows with
€ = 0. Thus waves of this third type are analogous to those in %; .

In 1980, Beale [Bea80] constructed exact small-amplitude subcritical waves with a pressure dis-
turbance as perturbations of a uniform flow. One of the main difficulties is the periodic behavior
downstream. Small-amplitude waves with a pressure disturbance and F' slightly greater than 1
were constructed by Mielke [Mie86, [Mie88] using spatial dynamics methods, and later by Sun and
Shen [SS93] as part of a rigorous two-parameter asymptotic expansion. These waves are related to
the celebrated KdV-type solitary water waves, and are found after rescaling the horizontal variable x.
In a series of papers Pagani and Pierotti constructed small-amplitude waves with a semi-submerged
object in the supercritical [PP99al, [PP99bl [PP00L [PP01] and later subcritical [PP04] regimes. For a
semi-submerged object, the boundary condition changes type where the free surface separates from
the object, and these separation points are additional unknowns in the problem. The waves in all
of the above references are irrotational.

To the best of our knowledge, the only results concerning large-amplitude waves generated
by a non-constant surface pressure or semi-submerged object are numerical. Parau and Vanden-
Broeck [PVB02] computed flows due to localized pressure disturbances in water of infinite depth.
As in the subcritical case with finite depth, these waves are asymptotically periodic downstream.
Parau and Vanden-Broeck also explain how such a method can be used in an inverse way to compute
flows past a semi-submerged object. In [VBKR9], Vanden-Broeck and Keller constructed solitary
waves of elevation with a flat “surfboard” riding on the free surface. Later, Asavanant and Vanden-
Broeck considered the more general case of parabolic objects [AVB94] discussed above. Again, the
waves in all of these references are irrotational.

Before giving an outline, we compare the current paper to [Whe|, in which we constructed large-
amplitude solitary waves with R = 0 and where I’ was allowed to vary. While in that paper the
local problem near F' = 1 was one of the main sources of difficulty, in the current paper the local
problem (with F' > 1 fixed) is relatively straightforward. On the other hand, in this paper the
global problem is more difficult, primarily because of conditions involving decay at infinity. For
solitary waves with constant surface pressure, the height of the free surface decays to its asymptotic
value at an exponential rate which depends on the Froude number [HurO8b]. Hur [HurO8b] used
these exponential asymptotics together with a moving planes argument to show symmetry and



monotonicity under certain assumptions. In [Whe| we removed one of these assumptions, and used
the resulting monotonicity in our continuation argument in an essential way. However, with a non-
constant surface pressure, the free surface may not decay exponentially (see Appendix for an
example). To avoid placing unnecessary decay conditions on R, we prove monotonicity using a
different technique from [Whe]. The main tool is a new maximum principle for small-amplitude
waves or, more importantly, large-amplitude waves near infinity (Proposition . Using this
proposition, we are able to show monotonicity directly using simple maximum principle arguments,
as was done for the periodic problem [CS04].

Assumptions about decay also come into play when dealing with a compactness condition called
(local) properness necessary for the definition of a topological degree. In [Whe], we followed Volpert
and Volpert [VV03] and obtained local properness by working in weighted Holder spaces of functions
decaying at infinity. These artificial weights then had to be eliminated to get to the final result. In
the current paper we avoid weights altogether; we instead obtain properness by simply restricting
the domain of the nonlinear operator to an appropriate open set (see Lemma. Using the same
technique, one could eliminate all mention of weights from the arguments in [Whe].

In Section we use the Dubreil-Jacotin transformation [DJ34] to reformulate as a quasi-
linear elliptic boundary value problem for a function w(q,p) in a fixed infinite strip. In Section
we show that, under the extra assumption that the shear flow U is nondecreasing on the bed and
concave, alternative [(i7)|in Theorem implies that the free surface becomes vertical along %, .

In Section [2| we consider the nodal properties of solutions, and give sufficient conditions for
solitary waves to be monotone waves of elevation or depression. We will use these properties later in
Section 4] to prove (non)compactness (Propositions and and also to differentiate between
the continua %Qi, %5 (Proposition4.11)). In Section we show that waves with R > 0 are waves of
elevation, while waves with R < 0 are either waves of depression or have sufficiently large amplitude.
In Section we investigate the slope 1’ of the free surface for small-amplitude waves and also for
large-amplitude waves near infinity. The main result of this subsection, Proposition [2.11] seems new
and of interest even in the irrotational case with R = 0. In Section [2.3] we use Proposition to
show that certain nodal conditions are preserved along continua of solutions.

In Section [3| we focus on regularity and decay properties of (sequences of) solutions, generalizing
similar results in [Whe| to the case with R # 0. In Section we show that ||w|gs+e can be
bounded in terms of ||wy ||z and || R||c2+a, where here w(g, p) is the function defined in Section
In Section [3.2f we introduce the flow force S(z) of a wave, and relate it to the surface pressure R(x).
In Section we use identities for the flow force together with a translation argument to obtain
uniform decay estimates for bounded non-oscillatory sequences (see Definition .

In Section [] we prove our main results, Theorems and in the w,q,p variables
introduced in Section In Section we formulate as a nonlinear operator equation in
a Banach space. We then state several lemmas from [Whe] concerning the associated linearized
operators. In Section [4.2] we prove Theorem by combining these lemmas with monotonicity and
compactness results from Sections [2| and |3] In Section we define the continua %Qi and €3, and
use results from Section 2| to analyze their nodal properties. We then apply a topological degree
argument to prove that neither ¢, nor %3 is precompact. Finally, we use this non-compactness in
Section [4.4] to prove Theorems and

In Appendix we study a family of completely explicit solutions of with constant
vorticity. This family includes monotone waves of elevation arbitrarily close to stagnation, as well as
sequences of monotone waves of depression where the surface pressure R(0) at the trough tends to
—o0. In Appendix we repeat a summary [CS04, [Whe] of the key features of the Healey—Simpson
degree [HS98] for the reader’s convenience. In Appendix we give several slight variations of
standard facts about elliptic problems in infinite strips, mostly without proof.



1.3 Reformulation

Let Q C R™ be a domain, possibly unbounded. We say that ¢ € CX(Q) if ¢ € C*°(Q) and the
support of ¢ is a compact subset of Q. Similarly ¢ € C>°(Q) if p € C°°(2) and the support of ¢ is
a compact subset of . Let k be a nonnegative integer and o € [0,1). We say that u € C*(Q)
if [pullorta) < oo for all ¢ € C2°(12), and similarly u € Ck+e(Q) if [pullortag) < oo for all
p e CXQ). If [ullcrra(q) < oo, we say u € Cg“‘(ﬁ) (the suprema in the definition of the norm
range over all of ). We say that u, — u in CEF*(Q) if || (u, — )| grta(n) — 0 for all p € CZ(Q).
Finally, we define
CreQ) = {u € C§+a(ﬁ) . lim sup |Dfu(z)] =0 for 0 < €< k}

rT—00 |.’E|=T’

which is a Banach space under the Cé’*o‘ (€2) norm.
Let U(y) be the asymptotic shear flow fixed in Section and let d be the asymptotic depth.
We define the Bernoulli constant A, “total head” @, and flux m in terms U(y) and d by

0
A= (e~ U©)P Q=) +od m:/?@—mey (1.6)

Since U < ¢, the flux m is positive. By incompressibility (us 4+ vy, = 0) there exists a stream function
1 defined up to an additive constant by
Yy = —v, Yy =u—c.
The kinematic boundary conditions (|1.1b)) imply that ¢ is constant on the bottom y = 0 and also
on the free surface y = n(x). In particular, the difference
n(z)

n(x)
(e, —d) — (z, n(z)) = - %uwww:/¥ (c — u(x, y)) dy

is independent of . Sending x — oo we deduce that this difference is the flux m; we normalize i so
that ¢ = 0 on the free surface and ¥ = m on the bottom.
Thanks to our no-stagnation assumption that
u—c=1, <0 (1.7)
throughout the fluid, the vorticity w satisfies

W:vx_uy:_A'(b:'y(d})

for some function ~ called the vorticity function [CS04]. From the asymptotic conditions (1.1d)), we
see that v is defined in terms of U via

Y
W) = Uyf). where W) = [ W) =)y (18)
Squaring both sides and integrating, we obtain
c=Uly) = VA+20(=¥(y)), (1.9)

where I' is the antiderivative
P
L) = [ (=) ds
0

of ~.
The Euler equations imply that

E = 3|Vy[* + gy + P~ T(—¢)



is constant throughout the fluid. In particular, evaluating F at x = o0 and y = 0, we have

31V + gy + P =T(=¢) = 3A° + gd + Patm. (1.10)
Putting this all together and recalling that P = P,y + R(x) on y = n(z), we find that v solves
Ay = —y() in —d<vy<n(z), (1.11a)
v=m ony = —d, (1.11b)
=0 on y =n(x), (1.11c)
IVUP+gn=4—-R  ony=n(x), (1.11d)
together with the asymptotic conditions
n—0, ¥, =0, ¢, —=>Uy) —c as v — %00, (1.11e)

uniformly in y.
We now perform the Dubreil-Jacotin transformation [DJ34]. Since 1, < 0 throughout the fluid

by , we can use
q=x, p=-1,
as independent variables. This transforms the fluid domain D, into the fixed infinite strip
Q:={(¢,p) €R?: —m < p < 0}.

The top boundary T" = {p = 0} of Q corresponds to the free surface {y = n(z)}, and the bot-
tom boundary B = {p = —m} corresponds to the horizontal bed {y = 0}. Choosing the height
h(g,p) = y + d above the bed as the new dependent variable, we can recover the velocity field (u,v)
and free surface n via

L _ _hylg,p) 3
iy  C@hep)=—pi s ala) =h9,0) —d. (1.12)

We call h the height function. Note that our assumption that u < ¢ implies h, > 0 and

c—u(q, h(q,p)) =

sup(u —c¢) = _thHZOlO(Q)'
n

The height function h solves [CS04, [CS11]

1+ hy h
- r ) = in 1.1
( 252 + )p—i— <hp>q 0 in Q, (1.13a)
1+ hy A
== — T 1.1
22 +gh 5 +g9d—R on T, (1.13b)
h=0 on B, (1.13c)

together with the asymptotic condition

P ds
lim h(p,q) = H(p) = [ ——m—e—, lim Dh(p,q) = DH(p), 1.13d
Jim h(p,q) = H(p) /m ) (P,q) (p) (1.13d)

uniformly in p. Here h(q,p) = H(p) corresponds the laminar flow (u,v,n) = (U, 0,0), as can be seen
using (1.9) and (1.12). We observe that the regularity U € C3+%[~d, 0] implies

v € C*T[0,m], T € C¥[—m, 0], H € C*[—m,0).

See [CS04] for the details of the equivalence between (1.13]) and (1.1); they only deal with R = 0,
but the arguments remain unchanged for R # 0.



Next we consider the Froude number F'. From

1 0 dp
=) o0 _9/ Hyp)dp = / (A + 20(p))" _—

we see that our assumption F' > 1 is equlvalent to A > Ao, where A is the solution of
0
dp
g / =1. (1.15)
—m (Aer + 2T (p))3/?

Such a A exists and is unique since the right hand side of ([1.14)) is decreasing in A, tends to 0 as
A — 00, and tends to 0o as A = —2min_,,<p<o ['(p). Expressing d = H(0) in terms of m,~, A,

(1.16)

d:/ __d
—m /A +2T(p)

we see that F' > 1 is also equivalent to d < d¢;, where d., is defined in terms of A. by

/ (1.17)
)\cr + 2I’
We ultimately formulate (1.1)) in terms of the dlfference

wi:i=h—H

between the height function h(q, p) and its asymptotic value H(p) at ¢ = too. Note that n(q) = w(q,0).
Rewriting ((1.13al)—(1.13¢c)) in terms of w, we have

1+ wg w
-+ F) + (7[1) =0 in Q, 1.18a
( 2(Hp + wp)? p NHp+wy/q ( :
1+ wg A
_— =——R T 1.18b
2(H, twy)? IV T3 o (1.18)
w=0 on B. (1.18¢)
The assumptions infp, u > —oo and sup p, U <c in the original variables are equivalent to
igf(Hp + wp) > 0, (1.18d)
and we enforce the asymptotic condition (1.13d)) by requiring
w € CPT(Q) N CE(Q). (1.18¢)
We will also usually assume
w is even in g, (1.18f)

in which case w represents a symmetric wave.

We emphasize that here, as in the rest of the paper, the asymptotic shear flow U and depth d
are held fixed. Thus v,T',\,m, H, @, F are all also fixed. In Sections and we will need
to make reference to other asymptotic shear flows with the same vorticity function v and flux m,
but different Bernoulli constants, depths, and heads. To avoid confusion, we will always denote the
Bernoulli constants, depths, and heads of these flows by )\ d and Q

10



1.4 The case of concave asymptotic shear

As mentioned in Section we expect that alternative H in Theorem that waves in 4,
approach stagnation, can be eliminated, perhaps under additional assumptions on the asymptotic
shear flow U. This expectation is based on a comparison with numerical results [AVB94], and also on
the simple observation that if the free surface n were held constant, then a negative surface pressure
R in would act to increase the relative speed /(¢ — u)? 4+ v? on the free surface.

In this section, we consider the case where the shear flow U is nondecreasing at the bed and
concave. Under this extra assumption, we show that, if alternative of Theorem holds, then
the free surface 7 must also become vertical along %, .

Proposition 1.5. Consider the same situation as in Theorem[1.2, and suppose that the asymptotic
shear flow U satisfies U"(y) <0 for —d < y < 0 and U'(—d) > 0. If alternative holds for €5,
then

sup||n’|| L = oc.
Cy

Note that Proposition [L.5| applies to the irrotational case v = 0 as well as the case of constant
vorticity v < 0. Since by Theorem we have R < 0 and n < 0 along %, , Proposition is an
immediate consequence of the following lemma, which is proved using the maximum principle and
Hopf lemma in the physical variables (z,y).

Lemma 1.6. Let u,v,n solve (1.1)) with supp, u < ¢, and suppose that R+gn < 0. If the asymptotic
shear flow U satisfies U"(y) <0 for —d <y <0 and U'(—d) > 0, then

— C max su — C U(O) ¢
ng(u ) < {d<f<o(U(y) ), 3 o) } : (1.19)

Proof. Defining the vorticity function v(¢) as in Section our assumptions on U imply ' < 0 and
~v(m) < 0. Differentiating with respect to x, we see that u — ¢ satisfies the elliptic equation
A(u—c)=—7(¥)(u—c)
to which the maximum principle applies. On the bed y = —d we have

uy = vy —7y(m) = —y(m) =0,

so u cannot achieve its maximum there by the Hopf lemma. On the free surface, we have

A (u—c)?+0? 1+ ()2
Rearranging and using R + gn < 0, we obtain
)\—2R—2917)1/2 ( A )1/2 c—U(0)
c—u=|———— > —T > on y = n(x).
( 1+ (n)? L+ [[7']17 (1+ [l7'][70 )12 )
The statement then follows by applying the maximum principle Lemma O

11



2 Elevation, depression, and monotonicity

In this section we will consider nodal properties of solitary waves. We will later use these properties in
Section [4.3[to distinguish the continua %Qi, ¢35 appearing in Theorems|1.2|and (Proposition .
This is typical for global continuation/bifurcation problems [Kie04]. More importantly, however, as
n [Whe] (but unlike in the periodic case) we will use nodal properties again in Section when
dealing with (non)compactness in Proposition (also see Proposition . In Section we
will show that the possible heights of crests and troughs are restricted by the sign of the surface
pressure R: waves with R > 0 are waves of elevation, while waves with R < 0 are either waves of
depression or have a sufﬁciently tall crest. With R = 0, these reduce to results contained in [Whe].
The main result of Section [2.2] Proposition [2.11] asserts that small-amplitude waves inherit the
monotonicity of their surface pressures R, and seems new and of interest even in the irrotational
case with R = 0. Proposition |2.11|can also be applied to large-amplitude waves near x = +o0, which
we will do in Section [2.3] to show that certain nodal properties are both open an closed conditions in
CE(Q)NC}(Q). Throughout this section our basic tools will be the maximum principles Lemma
and Lemma

Because it is more natural, we will state the results in this section in terms of an arbitrary surface
pressure R(q) rather than a 1-parameter family R(q;f3).

2.1 Crests and troughs

We now introduce a one-parameter family of shear flows with the same flux m and vorticity function
~v as U, but with different Bernoulli constants )\ asymptotic depths d and total heads Q The
corresponding height functions are

~ ~ o~ P ds
Hp:Hp;)\:/ —_ 2.1

(®) 5 3) —m (A + 20 (s))1/2 21)
with d = H (0; X) Setting I'iin = min_,,<p<o T, H is well-defined for A > —2@ min and possibly also
for A = —2lin. The results in this section are based on the following lemma:

Lemma 2.1. For the shear flows with height function ﬁ( ) = ﬁl( 'A A) given by (2.1 .,

(a) The Bernoulli constant \is a strictly decreasing and strictly convex function N = )\( ) of the
asymptotic depth de (0,dy,), with X—o0oasd—0 and X — —2lM i as d— dy. Here

0
dp = lim dp

L (2.2)
A —2Tmin J—m (A + 2T(p))1/2

(b) The total head @ is a strictly convex function @ = @(c/l\) of the asymptotic depth de (0,dm),
with a unique minimum at d = dey.

Proof. Expressing d as a function d(N),

0
J:&n:ﬁ@xz/ S
—m (A + 2 (p))Y/2
we have by definition that d()\) — dp as A = —20min. Differentiating under the integral, we easily
check that d is “a strictly decreasing and strictly convex function of NE (—2T"in, 00). Thus it has a
unique inverse A = )\(d) defined for d € (0, dy, ), which is also strictly decreasing and strictly convex.
Indeed, we compute

va-2( [ (@ +C;Sr<s>>3/2> 2

12



Q = Q(d)

d

|
|
d dex & du
Figure 2: The curve CAQ = @(@ and depths 0 < d < der < d* < dp, < 0.
Writing
Q= Q(d) == $7(d) + gd,
we therefore also have that @ is a strictly convex function of de (0,dy,). Differentiating, we find

~ o~ 1~ ~ 0 ds -1
V) =31 d)+s= _</_m ) + 2F(s))3/2> o

and hence that @ achieves its unique minimum at d= der, where d, was defined in (1.17)). O

Since our assumption that F' > 1 is equivalent to d < d.,, the convexity of CNQ implies that there
exists at most one d* with d., < d* < dy, and

Q(d") = Q(d). (2.4)

This allows us to make the following definition:

Definition 2.2 (The depth d*). If (2.4) has a (necessarily unique) solution, we denote it by d*.
Otherwise we set d* = dy,.

See Figure 2] for a graphical depiction of the depths d, d*, dc;, dim. In the case of constant vorticity
v, @ and d;; can be computed explicitly,
1/2

-~ 1 d 2
(%-3 = (2.5)

2 ~
d:*T—i d dmzi

where d,;, = 400 in the irrotational case v = 0.
We note that the following two lemmas remain true (with identical proofs) if we drop our usual
assumption that the Froude number is supercritical.

Lemma 2.3 (Pressure at a trough). Let w € CZ(Q) N CY(Q) be a nontrivial solution of (1.18a)-
(1.18d)) and suppose that the corresponding free surface n(q) = w(q,0) achieves its minimum value
Nmin = 7(qo0) < 0. Then

R(q0) < Q(d) — Q(d + nimin). (2.6)

Proof. The idea of the proof is to use H (p; X) as a comparison function and then apply the Hopf
lemma. For convenience set h = H + w, and let

~

d=d+ Thnin = h(q070)
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be the depth of the fluid at go. From (1.18d)) we have info h, > 0 and hence d > 0, and on the

other hand | Mmin < 0 1Inphes d <d < dpy. By Lemma there therefore exists > )X such that
H(0; )\) = d. Abbreviating H( ) = H(p; /\), we set

p=h-— H.
A direct computation shows that ¢ satisfies
(1+ hZ)Sﬁpp — 2hphgppg + h?;Squ + b1pg + b2y =0 (2.7)
in 2, where
b= vBH2 +3H,pp +¢2), by = —vH3p,
We observe that (2.7) is a uniformly elliptic equation for ¢; indeed the coefficients satisfy
(14 h2)h2 — (hphg)* = hy >0
uniformly in Q. Since A > A, the formulas for H (p) and H(p) also give

|1‘lm w(q,p) = H(p) — H(p) >0,

uniformly in p. Since ¢ =0 on B and ¢ = 7 — yin > 0 on T, the maximum principle Lemma
therefore implies ¢ > 0 in Q. Applying the Hopf lemma at (go,0) then yields

1
©p(q0,0) = hp(go,0) — —= < 0.

Va

Combining this with the boundary condition (1.13b)) we have

P\ ~ 1 A
— d—d h 0)—d)==—-R
92 +g( ) < th(qo,O)Q +g( (qu ) ) ) (qO)a
and hence
R(g0) < (3A + gd) — (31 + gd) = Q(d) — Q(d + 7hnin)
as desired. ]

Lemma 2.4 (Pressure at a crest). Let w € CZ(Q) N CY(Q) be a nontrivial solution of (1.18a)-
(1.18d)) and suppose that the corresponding free surface n(q) = w(q,0) achieves its mazimum value

Mmax = n(QO) <dm —d. Then
R(g0) > Q(d) — Q(d + Thna). (2.8)

Proof. We use the same argument as in the proof of Lemma For convenience set h = H + w,
and let

d = d+ Nmax = h(qo,0)

be the depth of the fluid at go. By assumption d < d < dm, so by Lemma [2 there exists

— 2T min < A < A such that H(0; )\) =d. Abbrev1at1ng H( ) = H(p; )\), we have as in the proof of
Lemmathat @ :=h-— H solves the elhptlc equation (2.7)) in Q. Since p =0on B, ¢ = N—Nmax < 0
on 7', and limg . ¢(g,p) <0, Lemma implies ¢ < 0 in Q. Applying the Hopf lemma at (go, 0)
then yields

1
©p(q0,0) = hp(go,0) — —= > 0.

VA

Combining this with the boundary condition and rearranging, we have

R(q0) < (3A + gd) — (31 + gd) = Q(d) — Q(d + Nwin)

14



as desired. O

Corollary 2.5 (Elevation). All nontrivial (supercritical) solitary waves with R > 0 are waves of
elevation. More precisely, if w solves ([1.18a))—(1.18d)) with R > 0, then w > 0 in QUT unless w = 0.

Proof. Let w # 0 solve (1.18a)—(1.18d|) with R > 0, and suppose for contradiction that n(q) = w(q, 0)
achieves its minimum 7min = 7(go) < 0. By Lemma and the nonnegativity of R, we have

0 S R(QO) < Qv(d) - @(d + nmin)'

Now by supercriticaﬁty d < dgr, so in particular d + npin < de;. But by Lemma @(CT) is
decreasing for 0 < d < dg, so @(d) < @(d + 7min), a contradiction. Thus w > 0 on 7. Since
o =w € CZ(2) NCY(Q) also vanishes on B and satisfies the uniformly elliptic equation with
H=H , the maximum principle Lemma then implies w > 0 in 2. O

Corollary 2.6 (Depression). All nontrivial (supercritical) solitary waves with R < 0 and

d + suppn < d* are waves of depression. More precisely, suppose w solves (1.18a])—(1.18d|) with
R<0. If suppw < d*—d, then w <0 on QUT unless w = 0.

Proof. Let w # 0 solve ((1.18a)—(1.18d]) with R < 0, and suppose for contradiction that n(q) = w(q, 0)
achieves its maximum Nmax = 1(q0) < d* — d. By Lemma and the nonnegativity of R, we have

0 > R(QO) > @(d) - @(d + nmax)‘ (29)

Now by assumption d < d + nmax < d*, and the convexity of @ (Lemma and definition of d*
imply that Q(d) < Q(d) for d < d < d*. Thus Q(d + Nmax) < Q(d), contradicting ([2.9). Therefore
w < 0onT. Since ¢ =w € CZ(Q2) NCY(Y) also vanishes on B and satisfies the uniformly elliptic
equation with H = H , the maximum principle Lemma implies w < 0 in . O

2.2 Monotonicity

In this section we will prove several facts about the relationship between the sign of w, (which
determines the sign of the slope 1’ of the free surface) and the pressure disturbance R. The most
important of these is Proposition The idea in all of the proofs is to write w = v/® for some
function ®(p) and then show that v satisfies a linear equation to which the Hopf-type maximum

principle Lemma applies.
We being by considering the linear problem

)G, 0
<Hg (), =0 me (2.10a)
% —gw=R onT, (2.10b)
P
w=0 onB, (2.10¢)

obtained by linearizing f about w = 0. A version of the following lemma was proven
by Craig and Sternberg [CS88] in the irrotational case using Green’s functions and the calculus of
residues. Here we give a different proof in our more general setting which has the virtue of depending
only on the strong maximum principle and the Hopf lemma.

Lemma 2.7. Suppose that w € Cg(ﬁ) N CY(Q) solves the linearized equation (2.10) with R > 0.
Then w > 0 in QU T unless w = 0.
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Proof. Because of the signs of the coefficients in (2.10bf), we cannot apply Lemma directly to
(2.10]). Instead we will make the change of dependent variable

v(q,p) = wqﬁfj), <I><p):/p H3(s)ds +e¢,

where £ > 0 is a constant to be determined. Since @ is uniformly bounded away from 0, we easily
check that v € C2(Q) N CJ(Q), and that it suffices to show v > 0 in QU T. Looking at (L.14), we
see that F' > 1 implies ¢ me Hg’ dp < 1, so we can fix ¢ small enough that

g®(0) < 1. (2.11)
On T we then calculate
wp )
= H—g —gw = ngp + (1 —gP)v, (2.12)

where the coefficients in front of v, and v in (2.12)) are now both positive thanks to (2.11)). Since v
vanishes on B and satisfies the uniformly elliptic equation

P ) d
—p) +(5-v0) +p=0 2.13
(Hg p P Hp q q p ( )
in Q, Lemma [A.T5] implies v > 0 in QU T, and hence w > 0 in QU T. O

Our proof of Lemma extends to small-amplitude solutions of the full nonlinear equation
(1.18]). To perform the extension, we first make a slightly more complicated choice of the function

®(p):

Lemma 2.8. There exists € > 0 such that the function

o(p) = (= + /jn H(s) ds) v

satisfies
@ o,
(Hg)p <0on[-m,0, ®>0on[-m,0] <H5’ - gCIJ) (0) > 0. (2.14)

Proof. That ® > 0 on [—m, 0] for any € > 0 is clear from the definition. Computing
P —€
®, = (1—e)H? (5 + /_ H3(s; \) ds)

we see that, if 0 < e < 1,

(), =0 -om(e+ [ o)

Finally, we observe that

%(o) —g®(0) = (1 _s)(s+/_ng(s) ds)*s —g(e+/_ng(s) ds)H

13
< 0 for p € [-m,0].

depends continuously on € near 0 and is 1 — g ffm H;’ dp=1—F"2>0 when ¢ = 0. 0

The proof of Proposition is based on the proof of Lemma below. We note that a much
stronger version of Lemma has already been proved using different methods in Corollaries
and 2.6

Lemma 2.9. There exists § > 0 such that the following holds. Let w € CZ(2)NCY () be a solution
of (L18a)—(1.18d) with w # 0 and ||w|c1(q) < d. Then

16



(a) If R>0, thenw >0 in QUT.
(b) If R<O0, thenw <0 in QUT.

Proof. Setting h = H + w for convenience, we first rewrite ([1.18a))—(1.18b|) in the non-divergence

form

(1+ hg)wpp — 2hphqupg + h;%wqq + 1+ hZ)pr +y(Hy +wp)® =0 in Q, (2.15)
w2 (14 w?)(wy + 2H,)
q q)\Wp p
- wp —gw =R on 7. (2.16)
2H? 2H2A2

Letting ®(p) be the function guaranteed by Lemma we then define
v= % € C2(Q) N CO(Q),

and observe that v vanishes on B. Since ® > 0, we will be done if we can prove @ and @ with w

replaced by v. Substituting w = ®v in (2.15)—(2.16)) we find
p Y g

(1 4 hy)*vpp — 2®hghyvgy + @hiqu +bu, +cv=m in Q, (2.17)
dv, + fov =R+ onT, (2.18)
where the coefficients b, ¢, d, f are given by
b= 3yH2D + 20 c:H?’(&) i=2 o (2.19)
P p» P Hg p7 HS? HS ) .

and the remainder terms rq, 72 are rational expressions satisfying
r; = O(vg + vz +v%) as (vg, vp, v) = 0, i=1,2. (2.20)

Since ® is bounded away from zero, ([1.18d)) guarantees that ([2.17)) is a uniformly elliptic equation
for v. By (2.14]), the coefficients satisfy ¢ < 0 and d, f > 0.
We can also easily regroup terms so that r1, 7y are absorbed into the coefficients, transforming

f into
D(1 + hg)?vpp — 20hghyvg + ®h2vgq + bivg + bavy + v = 0 in Q, (2.21)
dyvg + davy + fo =R on T, (2.22)
with by, by, ¢ € CL(2) and di,dy, f € CL(T). Thanks to the bounds (2.20) on 71,79, for ||wHC1(Qshuf:

ficiently small, these modified coefficients will still have ¢ < 0 and c?g, f > 0. Applying Lemma
we then obtain v >0in QUT If R>0and v <0in QUT if R <O0. O

Differentiating the equations with respect to ¢, we now obtain analogues of Lemmas [2.7] and
for wy. These are most naturally stated in the half-infinite strip

O ={(¢,p): ¢ >0, —m <p <0}, (2.23)
with top, bottom, and left boundary portions
TH={(g,0): ¢ >0}, B"={(q,—m):q>0}, L*={(0,p):—m<p<0}. (2.24)

Lemma 2.10. Suppose that w € C3(QF) N CE(QT) solves the linearized equation (2.10). If wy < 0
on LT and Ry >0 on T, then wy < 0 in QT UTT unless w = 0.

Proof. Define ®,v as in the proof of Lemma and consider the function
w = v, € C(QF) N @),
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Since wy = ®u and ® > 0, it is enough to show that u has the appropriate sign on QT UT*. Because
the coefficients in (2.10|) are independent of ¢, u solves the same uniformly elliptic equation ([2.13))
as v does (though of course only in QV1), together with

T T (1—g®P)u=R;<0onT™ (2.25)
p

and u = 0 on B*. By assumption w, < 0 on L, so we also have v < 0 on LT and hence u < 0

on 901 \ T". As in the proof of Lemma the coeflicients in front of u, and w in (2.25) are both
positive, so the statement now follows from Lemma O

We now come to the most important result of this section, which concerns monotonicity properties
of solutions to the nonlinear equation.

Proposition 2.11. There exists § > 0 such that the following holds. Let w € C3(QF) N CH(QF) be
a solution of (1.18a)~(1.18d) with w # 0 and ||[w||c2(q) < J. Then

(a) If wg <0 on LT and Ry <0 on T, then wy <0 in QT UTT.

(b) Ifwy >0 on LT and Ry >0 on T, then wy >0 in QT UTT.

Proof. Define ®,v as in the proof of Lemma and set u = v, € CE(QT) N CY(QT). As in the
proof of Lemma m it is enough to show that u has the appropriate sign on Q2 UT*. Note that

u vanishes on BT. Differentiating f yields
(1 + hg)tpp — 2Phghpugy + Phougq + bup + cu =73 in Q, (2.26)
dup + fu= Ry +14 on T, (2.27)
where ¢ < 0 and d, f > 0 are given by and the remainder terms r3, r4 are rational expressions
satisfying
ri = O((ol + vl + [0p ) (gl + vl + 0gp])) 85 (0,00, 0, v0q, V) =0, i =34 (2.28)
As in the proof of Lemma we can absorb rs3,ry into the definitions of the coefficients, getting
B(1 + hy)*upy — 28hghpugy + Phiugg + biug + bauy, + u = 0 in Q7 (2.29)
Jluq + Jgup + fu= R, on TT, (2.30)
where by, by, ¢ € CL(QT) and di,dy, f € CL(TT). The first equation is a uniformly elliptic
equation for u. Thanks to , we also have ¢ < 0 and ds, f > 0, provided Hw||02(9) is sufficiently

small. Thus Lemma implies u > 0 in QT UT* when R; > 0 on Tt and w, > 0 on L, and
similarly v < 0 in QT UT" when R; <0 on T and wy, <0 on LT, O

In Lemma [2.10] and Proposition [2.11) we have not assumed that w is even in ¢q. Thus their
statements remain true if QT is replaced by any half-strip (—m,0) x (go, o).
2.3 Preservation of nodal properties

In this section we use Proposition to address more complicated nodal properties involving second
and third partial derivatives of w. We remark that the results of this subsection remain true if we
set the Holder parameter aw = 0 in ([1.18¢]). For solutions w of (1.18) (which includes the assumption
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that w is even in q), the nodal elevation properties are the following five conditions:

wy < 01in QTUTT, (2.31a)
Wwgg < 0on LT, (2.31Db)
wgp < 0 on BT, (2.31c)
Waqp(0, —m) < 0, (2.31d)
weq(0,0) < 0. (2.31e)

Here the sets QF, TF, LT were defined in (2.23)) and (2.24). The nodal depression properties are the
same as the nodal elevation properties except that all of the inequalities are reversed:

wy > 01in QTUTT, (2.32a)
Wgg >0 on LT, (2.32b)
wgp > 0 on BT, (2.32¢)
Waqp(0, —m) > 0, (2.32d)
Wgeq(0,0) > 0. (2.32e)

Since w — 0 as ¢ — +o0, the nodal elevation properties ([2.31]) imply w > 0 in QT UT™" and hence
that w represents a monotone wave of elevation. Similarly the nodal depression properties ([2.32))
imply that w represents a monotone wave of depression. As in [CS04, [CS07], the nodal properties

(2.32) and (2.31)) are motivated by the following fact:
Lemma 2.12. Let w be a solution of (1.18)).

(a) If wg <0 in QT UTT, then the nodal elevation properties (2.31)) hold.
(b) If wg >0 in QT UTT, then the nodal depression properties (2.32)) hold.

Proof. The proofs of [(a)] and [(b)] are the same, so we only prove [(a)] Differentiating (1.18a)) with
respect to ¢ we discover that ¢ = w, satisfies the equation

14 w?
ap(%a,,(p — —20u0) + 04— SO + hia(fp) —0 (2.33)
P P P P

in Q*. Since infg h, > 0, we easily check that is a uniformly elliptic equation for ¢. Since
wy < 0in QF and w, = 0 on BT U L, the Hopf lemma then immediately implies and
. Since wqp = weq = 0 at (0, —m), follows from Serrin’s edge point lemma. It remains
to show . Since wq = wpq = wWqqq = 0 at (0,0), Serrin’s edge point lemma implies that either
Waq(0,0) < 0 or wgee(0,0) = 0 and wgp,y(0,0) > 0. Expanding (2.33)), we get

2
2WqWqqhpp _ Swpqwg hpp _ 3Wpghpp | Wqqq

h3 h# h# h
v o b " (2.34)
_ BwpgWeq | WppgWg  2WpgqWq dwpgWq  wypg -0
hy hy hy hy hy

Evaluating at (0,0), wg = wpy = wWqqq = 0 implies wgp, = 0. Thus the only possibility is
weq(0,0) < 0, ie. that holds. We remark that this last step of the argument differs from
[CSOT], where instead the boundary condition is differentiated twice (in our case this would introduce
R,, terms with indeterminate sign). O

Unlike in the periodic case, (2.31)) and (2.32)) are not open conditions in C2() since  is un-
bounded. Nevertheless, we have the following lemma:

Lemma 2.13 (Open condition). Fiz w* satisfying (1.18|) and let M > 0.
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(a) If w* satisfies the nodal elevation conditions (2.31)), then there exists € > 0 such that every
solution w of (L.18) with [[w — w*||csq) < € and Ry <0 for ¢ > M also satisfies (2.31]).

(b) If w* satisfies the nodal depression conditions (2.32), then there exists € > 0 such that every
solution w of (L.18) with [[w — w*||csq) <€ and Ry >0 for ¢ > M also satisfies (2.32)).

Proof. The proofs of @ and @ are the same, so we only prove @ Let M > 0 and fix w* as
in the statement of the lemma. By Lemma it is enough to show that w, < 0 in QT UTT if
|w —w*| cs(qy is sufficiently small. Letting K > M be a constant to be determined, we first we split
Q7T into two overlapping regions,

0 ={(g,p) €QT:0< q< 2K}, Qo ={(¢q,p) € Q" : ¢ > K},

and set B; = BTN, and T; = TTNA;. On the bounded set 1, we can argue as in [CS07]: Taylor
expanding near the sides L™, By, T} and the corners (0,0),(0,—m), the nodal conditions for
w* imply that wy < 0 in Q1 U Ty whenever ||lw — w*||gs(q) < ex for some e > 0 depending on K.
Next we consider the unbounded set 25. Letting § > 0 be as in Proposition the assump-
tion w* € C§(Q) allows us to fix K > M large enough that [w*|c2(q,) < 6/2. Assuming that

[w — w*||csq) < € = min(%,sK), our above argument then guarantees w, < 0 in ; UT;. In
particular, wy, < 0 on the left boundary {q = K} of Q3. Since |[w|c2q,) < d and Ry < 0 on T,
Proposition [2.11] implies wy < 0 in Q9 U Ts. O

As in [CS04], the nodal properties (2.31)) and (2.32)) are also each closed conditions in the following

sense:

Lemma 2.14 (Closed condition). Let wy, be a sequence of solutions of (1.18) which converges in
C3(Q)NCY(Q) to a solution w of (L.18) with prescribed pressure R.

(i) If the w, satisfy the nodal elevation properties (2.31) and R; < 0 for ¢ > 0, then w also
satisfies (2.31]) unless w = 0.

(ii) If the wy, satisfy the nodal depression properties (2.32) and Ry > 0 for ¢ > 0, then w also
satisfies (2.32)) unless w = 0.

Proof. The proofs of |(i)| and are the same, so we only prove Thanks to Lemma it is
enough to show w, < 0in QT UTT. By continuity, wy < 0 in QF. Since ¢ = w, solves the uniformly

elliptic equation (2:33) in Q*, w, € C(QF), and w, < 0 on BT U L*, the maximum principle
Lemma implies that wy < 0 in QT UTT unless w, = 0 at some point (¢*,0) on T". So suppose
for contradiction that w, achieves its maximum value 0 at a point (¢*,0) on 7. Differentiating

(1.18b]) with respect to ¢ we have

WqW 1+ w?
@yt Wy Ty T~ "R on T (2.35)
p T Wp p T Wp
Since wgq(g*,0) = 0, (2.35)) gives

wep = Ry(Hp + wp)* <0 at (¢",0).

But the Hopf lemma implies wg,(g*,0) > 0, a contradiction. O
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3 Uniform regularity and decay

In this section we will establish criteria for sequences w,, of solutions to be precompact. In Section [3.1]
we will show that ||w||gs+a is controlled by ||wy| L~ and ||R||g2+a. While for the periodic problem this
would be enough to establish compactness, in an unbounded domain we need additional control at
infinity. In Section we prove two identities involving a quantity S(q) called the flow force, which
we will then use in Section to establish uniform decay and precompactness of non-oscillatory
sequences of solutions. This is particularly useful since sequences of solutions satisfying either of
the nodal properties or from Section cannot oscillate. Most of the results in this
section are generalizations to R # 0 of results in [Whe|. Since the free waves in that paper were all
monotone waves of elevation, there was no need to consider oscillatory sequences. As in Section
we will work with an arbitrary pressure term R (or a sequence R,) and not l-parameter family

R(q; B).

3.1 Uniform regularity

This section is devoted to the proof of the following proposition:

Proposition 3.1. For each K > 0 there exists a constant C' depending only on K such that all
solutions w of (L18) with [|wpl|rec(q) + | Rl c2tam) < K satisfy ||w||lcsta) < C.

The proof of Proposition is similar to the proof of Proposition 5.12 in [Whe]. The four steps
are:
I. Estimate ||w|/c1 in terms of ||wp|[r~ and || R||re.
II. Estimate ||w|| 240 in terms of [|w|/c1 and || R||g1+e for some o' € (0, al.
III. Estimate ||w|| 540 in terms of ||w]|perar and || R povar-

IV. Repeat step with o replaced by a.

To complete Step [, we use a lower bound on the pressure P. In the stream function formulation, P
is given by ([1.10)),

VP
S =9y —d)+T(=) + 5,

where (z,y) range over the fluid domain D, = {—d <y < n(z)}. Using (1.12)), we can also express
P in terms of w(q, p),

P(xvy)_Patm:_

P P Lty H d)+T+2 3.1
(¢,p) — atm——m—g( +w—d)+ +§- (3.1)
Lemma 3.2. Suppose that n € CE(R) N CY(R) and ¢ € C3(Dy,) satisfy (L.11)), supp, ¢y <0, and

lim sup|P(z,y) — Patm — 9(n(z) — y)| = 0. (3.2)

|z] =00 y
Then the pressure P is bounded below,
P(z,y) — Patm > in?R R(z") — My(z,y), (3.3)
x'e
where the constant M = %Hmax(*y,())”,;oo depends only on .

Proof. With R = 0, this was proven by Varvaruca [Var(Q9] and also repeated in [Whe]. The modifi-
cations for R nonzero are straightforward and hence omitted. O
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Using Lemma [3.2] we can now complete Step [[}

Proposition 3.3. Let w be a solution of (1.18a)—(1.18¢|). Then there exist constants 6*, N* > 0
depending only on g,7,d so that

5*
Hy+wp > —— Jug] < NI+ Il RI(1 + ).
1+ |inf R|

In particular, there exists a constant C* depending only on g,~,d so that
[wller@) < €1+ |inf R|(1 + [Jwp| e (0))- (3.4)

Proof. Let v € C3(D,) be the associated stream function. Then infp, 1, > 0 by (1.18d)), and (3.2)
follows from (3.I) and w € C§(2). Letting M = %|/max(v,0)|| e, Lemma [3.2| therefore implies

2
P — Pym = Ly (H + d) + L linf R| + M
T T, tw? T T 2 = "
and hence
1—|—w§ 1
— = < |infR| - Mp—qg(H —d) + —=
2(Hp+wp)2—|m | = Mp—g(H +w )+2H5
1
<|inf R| = Mp+ gd + — < Ci(1 + |inf R|) (3.5)

2H2
where the constant C'; depends only on g, d, . Rearranging in two ways, we obtain
(2Cy)~1/2
V/1+ [inf R|'
as desired. Taking the supremum of both sides of the second inequality yields

[wgl[Lee < CV/1 + |inf RI(1 4 [Jwp|[Lo<)-

Since w(q,p) = ffm wp(q, p) dp implies ||w||fee < m||wp|| e, we therefore have (3.4)). O

Hy +wp 2 [wgl < v/2C1/1 + [inf RI(|| Hpll o + [wp]),

As in [Whel, we accomplish step [II| by using a regularity result of Lieberman [Lie87] for fully
nonlinear two-dimensional elliptic boundary value problems of the form

F(z,Dp,D%p) =0 in B, G(z,p,Dyp) =0 on Bg =0B, NT. (3.6)
Here B, C ) is a half-ball with radius p € (0,m) and center (go,0) € T,
B, =B, (q) = {z € R*: |z — (q0,0)| < p, p <0}, (3.7)

and for convenience we have set * = (q,p). We assume that (3.6 is uniformly elliptic with a
uniformly oblique boundary condition in the sense that

I < Fs(x,r,8) < cocl, |G (x,2,7)| > c3 (3.8)

for positive constants c1,ca,c3 and all (x,z,r,s) € B, x R x R? x S?, where S? is the space of
symmetric 2 X 2 matrices.
The following is a simplified version of Theorem 3 in [Lie87]:

Theorem 3.4. Fiz p € (0,m) and a Hélder parameter a € (0,1), and let F € C®'(B, x R? x §%)
and G € C’HO‘(BS x R x R?) satisfy (3.8)) for some positive constants c1,ca,c3. Suppose in addition
that there exists a positive constant c4 so that HGHCHQ(BSX]RX]RQ) < ¢4 and

|F(x,7,0)| < ¢4, (1+ [sD|Fr(x,r, 8)| + |Fe(z, 7y 8)| + | Fy(z,7, )| < ca(l+ |s|2),
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for all (x,r,s) € B, x R? x S2. Then for any K > 0, there exist positive constants o and C

depending on a,p,c1,ca,c3,¢q4 so that any solution ¢ € C*(B,) of (3.6) with sup(|e| + |Dy|) < K
obeys the estimate

!/ — < . .
||(;0||02+a (BQ/Q) C (3 9)
Using Theorem @7 we can Nnow Complete Step E

Lemma 3.5. For each K > 0 there exists C = C(K) and o/ = o/(K) € (0,a] so that any solution
w of (L.18) with |lwpll (o) + [ Rllcr+am) < K satisfies ||w||pzrar gy < C.

Proof. For convenience set h = H + w. In what follows we use C,§ > 0 and o' € (0, ] to denote
constants depending only on K. Proposition implies ||h||CI(Q) < C, and Proposition implies
infq hp >46>0.

Now we apply Theorem Writing f in non-divergence form, we see that ¢ = h
satisfies with

F(p,r,s) = (1 +7])s22 — 2r1ras12 + 13811 + y(—p)rs

G ) b -
(q,2,7) 27,%
for any half-ball B = Bj (g0), 0 € R. Restricting F' and G to |z| + |r| < K and ry > 4,
they satisfy the hypotheses of Theorem with ¢y, 9, ¢3, ¢4 depending on K, 0, a, 7, ||R||c1+e (but
not on ¢qp). Thus, modifying F' and G using cutoff functions and applying Theorem we have
17l c2+ar (5=, y < C where the constants C' and o/ only depend on K, 0, || R||c1+a.
1/2

Letting G(z, z,p) = p1, we can argue similarly for half-balls centered on the bottom boundary
p = —m. Combining these boundary estimates with C2+e interior estimates [GT0I, Theorem 13.6]
for quasilinear equations, we deduce ||h[| 2o (@) < C and hence ||wHCQ+a/(Q) < C as desired. O

Next we complete step by differentiating (1.18)) with respect to ¢ and applying a Schauder
estimate for linear equations:

Lemma 3.6. For each K > 0 and o € (0,q] there exists C = C(K,a') so that any solution w of
(1.18) with ||ch2+a’(Q) + ||R||c2+a’(R) < K satisfies ||w||03+a/(g) <C.

Proof. For convenience set h = H +w. Differentiating (1.18)) with to ¢, we find that ¢ = w, satisfies

1+ wg Wy Wy 1 )
3p<h%3p90 - hzﬁq@) + 8(1( — @8p¢ + hpaqtp) =0 in €, (3.10)
1+ w?
3 . Ipp + %81180 +g9p=—Ry on p =0, (3.11)
hp hp

with ¢ = 0 on p = —m. By Proposition info hy, > 6 with 6 = §(K) > 0. This implies that the
operator in is uniformly elliptic. Moreover, the boundary condition is uniformly oblique
in that the coefficient of ¢ in (3.11) is uniformly positive. Since the coefficients in f
have their C1*'(€) norms controlled by K, the Schauder estimate therefore gives

”wq||o2+a’(g) = C(||R”C'1+&’(Q) + quHLOO(Q)) <C. (3.12)
Solving (1.18a)) for wy,, we see that (3.12)) implies ||wpp|| 1+ < C, and hence ||w]|srar < C. O

Finally, we complete step [[V] and prove Proposition [3.1
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Proof of Proposition[3.1] Let w solve (L.18) and satisfy |Jwp||z + ||R||c2+e < K. Then Lemma [3.5]
implies [|wl| 2400 < C for some o' € (0,0a], and hence Lemma implies [|w||s+or < C. Thus
|w||c2+a < C, so another application of Lemma (3.6 gives ||w||gs+a < C. O

3.2 Flow force

In this section we consider the z-dependent quantity

()
s@ = [ d (P(2,9) — Pam + (c — u(z,))?) dy

called the flow force. In terms of the height function h = H + w, Bernoulli constant A\, and an-
tiderivative I" of the vorticity function, S is given by

0 _p2
S(q;h):/_ (12}; +T' —g(h—d)+ A)hpdp. (3.13)

We view the Bernoulli constant A in as fixed and unrelated to the asymptotic behavior of the
height function h(q,p). As in [Whel], we will use the flow force to show that bounded sequences of
monotone waves enjoy a uniform decay property.

The following lemma is a consequence of the conservation of z-momentum:

Lemma 3.7. Let h satisfy (1.13a)—(1.13c). Then

fl‘jm; B = R@g’;(q, 0). (3.14)

In particular, if R =0 then S is constant.

Proof. Let

1o T g(h—d)+ 2

be one of the factors in the integrand deﬁning S. Then (|1.13a)) and an integration by parts yield

%= /fh dp = /(fth—hqu)derth}T:—/_l(Zlg))pderth\T.

By (L.13c|), hq = 0 on B, so we conclude
s _ (- Iy
dg h2
as desired. ]

L+ fhy)| = Rhl;

Recall the one-parameter family H (p; /)\\) of height functions introduced at the start of Section
~ ~ P ds

H(p) = H(p; A :/ AT i 3.15

W=AN= [ (3.15)

_|_
X) and_total head Q = A\/2 + gd. From
nd Q = Q(d ) We define

M), (3.16)

where the right hand side is clearly mdependent of q Note that in defining S (d) we have not replaced
the Bernoulli constant A appearing in (3.13) by A )

The corresponding flows have constant depth d = A.FAI (0
Lemma we also have functional relations A = )\(d) an
H(-;

S(d) = S(g;
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Lemma 3.8. The function S( ) defined above satisfies
S'(d) = Q(d) — Q(d). (3.17)
In particular, if 0 < d< d*, then 5(67) > §(d) unless d = d. Here d* was defined in Definition .

Proof. First we compute

~ 0o _ _ - )
5@ = [ G@+2ryap+ A= NG- 2 gad

—m

Differentiating with respect to d and using the identity
d 0
dd J-

the terms in S’ i di 1nvolv1ng derivatives of X cancel and we are left with ( as desired.

By Lemma 2.1§(b)l Q(d) is a strictly convex function of d € (0, dey), Wlth a unique minimum at
d = der > d. Recalling the deﬁmtlon of d*, we deduce

Qd) < Q(d) ford<d<d*,  Q(d)>Q(d) for 0<d<d.
Integrating and applying (3.17]), we conclude

() + 20 ()2 dp = SAN (@),

S(d) — S(d) = /dd(@(d) —Q(s))ds >0 for 0 < d<d*, d+d. O

If the vorticity  is constant, then S can be computed explicitly,
3 m2c/i\+ mi2 72513 ’deZd gd
242 9 24 8 2

In light of Lemma one way to obtain 1’ is to integrate (2.5) and apply (3.14 - L
We also remark that (3.17)) is related to in_the followmg way: Suppose that d = d(q)

is a slowly varying function. Then h(q,p) = H (p, )\(d(q))) is an approximate solution of (L.13a)
and solves the boundary condition (I.13b) exactly with R(q) = Q(d) — Q(d( )). If h were an exact

solution of , then would give
§'(d(@)d (¢) = 5'(a:; 1) = Ra)d'(a) = (Q(d) — Q(d(0)))d (q).
which is multiplied by d (q).

+ gdd. (3.18)

3.3 Uniform decay and compactness

In this section we will show that bounded non-oscillatory sequences of solutions w,, decay uniformly
in n as ¢ — Fo00. Then we will use Schauder estimates to show that bounded sequences of solutions
decaying uniformly at infinity are precompact. First, we restate Deﬁnition in the (g, p) variables:

Definition 3.9 (Oscillatory sequence). We call sequence of solutions w,, of (1.18) non-oscillatory if
there exists M > 0 such that, for each n, O;w, does not change sign for ¢ > M. Otherwise we call
wy, oscillatory.

Lemma 3.10 (Uniform decay). Fiz an integer k > 2 and suppose that a sequence (wy, Ry) of
solutions of (L18) satisfies sup,, |[wn || cr+a(q) < 00 as well as the uniform bounds

inf inf R,,(q) > —o0, /sup|Rn(q)| dg < oo, hrf sup|R,(q)| =0, (3.19)
n q R n o0 p
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on R,. Then either the w, satisfy the uniform decay property

. ) B
(B, 5UP sup l%:le wa(q,p)| =0, (3.20)

or wy, 1S an oscillatory sequence.

Proof. Let w, be a non-oscillatory sequence, so that there exists M > 0 such that each 9,w,, does
not change sign for ¢ > M. Assume for contradiction that (3.20]) does not hold. Then we can extract
a subsequence and find (g, py) € Q with ¢, — oo and p, — p € [-m, 0] so that

Z | DY wn(qn, pn)| > € (3.21)
lv|<k

for all n and some fixed € > 0. There are two cases: either we can extract a further subsequence so
that d;wy, > 0 for ¢ > M for all n, or we can extract a subsequence with d,w, < 0 for ¢ > M for all
n. Since the proofs are the same, we will assume we are in the first case.

Set h, = H + w,, and consider the translated sequence

WD (q,p) = hu(q+ Gn, p).
By assumption, ||hy||cr+e is bounded uniformly in n, and Proposition [3.3|and the lower bound on R,
in (3.19)) together imply d,h,, > 6 for all n and some fixed 6 > 0. Thus we can extract a subsequence
with b — h(® in Ck (Q), for some h(V) € C§+a(§) satisfying ((1.13a)), (1.13¢)), and hz()l) > ¢. Since

sup,|Rn(q)] — 0 as ¢ — oo, h(M also solves (T.13b) with R = 0. Lastly, (3.21) guarantees that
(M (q, p) is not identically H. We will reach a contradiction by showing h(!) = H.

Now we compute the flow force S(g; h(")) according to (3.13). From the asymptotic conditions
(1.13d)) on hg), we know that S(g; hq(q,l)) — S(d) as ¢ — co. Since Y = hM i CF .(Q), Lemma
therefore gives

S(g;h M) = S(d) = lim S(q+ gn; hV) — S(d) = lim R (5)04hn(s,0) ds
n—oo n—oo q+Qn
for each ¢ € R. Thus sup,,|R,| € L'(R) implies
1S(a: k(@) = S(@)] < (suplOyhn 1) Jima [~ suplRo(s)]ds = .
n n—oo q+qn m

i.e. that S(q; hV) = S(d).
Next we use our non-oscillation assumption. Since 9yh, > 0 for ¢ > M, we have h((;) >0 on Q.
Thus

h(q,p) = He(p)  asgq— oo (3.22)
pointwise in p for some bounded functions Hy, and moreover
H_(p) <hW(q,p) < Hilp)  in Q. (3.23)
To get more information about Hy(p), we consider the translated sequence
B (q,p) =h Y (g+rp), r=1,2,3,... (3.24)

Extracting a subsequence, we can assume that h? converges in CF _(Q) to a function h(?) € C’{f“‘ Q)

solving (T.13a)-(T.13c) with R = 0, %? > 6, and S(q; h?) = S(d). But (3.22) implies h(® = H,,
so we deduce that Hy € C*¥**[—m, 0] has these properties. Replacing ¢ + r with ¢ — r in ([3.24) we
obtain the same conclusion for H_.
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Integrating ((1.13a)) and applying the boundary condition ([1.13c), we find H(p ) A(p; /):i) for
some Bernoulh constants )\i > —2I'hin. Here the helght functlons H are defined in at the start

of Section [2.1] Denoting the corresponding depths by d = H(O )\i) S(Hy) = S(d) gives

S(dy) = S(d-) = S(d), (3.25)
while the boundary condition gives
Qdy) =Q(d-) = ©<d>. (3.26)

Recalling the definition of d* (Deﬁnltlon , we see that (3 nd the convexity of Q (Lemma

imply d+,d_ < d*. Combmmg this Wlth -, Lemma 3 8| implies d+ =d_ = d and hence
H, = H_ = H. But then ) forces h(1) = H, a contradiction. O

Assuming the uniform decay condition ([3.20) in the conclusion of Lemma we can obtain
compactness using Schauder estimates for linear equations.

Lemma 3.11 (Compactness). Fiz an integer £ > 2 and let (wy, Ry,) be a sequence of solutions to
(1.18). If sup,[lwnlceta) < o0, Ry — R in Cﬁ_HO‘(R), and the uniform decay condition ([3.20))
on wy, holds with k = 0, then we can extract a subsequence with w, — w in Cﬁ'“"(ﬁ).

Proof. As in the proof of Lemma Proposition guarantees that 0,(H + w,) > § > 0 for
some fixed § > 0. Because of the uniform bounds on [[wy[|ceta(q) and the uniform decay property

(3.20) with & = 0, we can then extract a subsequence so that w, — w in C{(Q) and C2(Q), where
w € CL(Q) and R solve and 0,(H +w) > 4.
Set h = H + w and hn = H + wn, and let M = sup,, ||hn | ceraq) < o0. A direct computation
shows that v,, = w,, — w satisfies
(1+ h2)03vn — 2hphqOOpvn + 2h5070n — andqvn — bpdyvn =0 in €, (3.27)
—CnOppy + dpOgvy, + gvp, = R— R, onT, (3.28)
where the coefficients a,, b, are given by
an = ~hnghnpp — holonpp + 2hnphnpg,
bn = —hnphngg — hplngg + 2hghnpg — W’hip = Yhphnp — 7h127>
_ A hg)(y - hup)  hg + B

Cn - 21,2 9 n 2
2h2h2, 22,

Here we've abbreviated dyhs, by hyp and so on. Since hy > 6 and [[hp||cera(q) < M, the elliptic
operator in (3.27)) is uniformly elliptic and its coefficients are uniformly bounded in C’ﬁfﬂa(ﬁ).

Likewise the coefficients in (3.28)) are uniformly bounded in C’ﬁ*l“‘(ﬁ), with the coefficient ¢,, in
front of d,v satisfying ¢, > M ~* > 0. Thus we have a Schauder estimate (see Lemma

n—oo

[on]lcerai@) < CUR = Rallct-1taq) + [[onllLoe @) —— 0,

and hence w, — w in C{.T*(Q) as desired. O
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4 Continuation

In this section we will prove our global continuation results, Theorems [1.2] and [I.4]in the w,q,p
variables. See Section for the relationship between these and the original u, v, n, P, x,y variables,
and [CS04, Whe| for more details about the transformation. As in Section we consider a fixed
I-parameter family 8 — R(-;f3) in C?(R, CEIQ(R)) of pressure terms satisfying R(q;0) = 0 and

[L3):

WRi(q:6) <0, | suwp [Rlf)ldg<oe,  lim R(0;6) = +x,

R [Bl<M Bortoo
for any M > 0. The first condition guarantees that sign of R and R, are both determined by
the sign of 3. In the simple case where R(q; 3) = SR"(q), the second condition says that the force
15} fR RY dq exerted by the prescribed pressure on a flat free surface is always finite. The last condition
guarantees that the limit 5 — 400 has physical significance. We note that no assumptions have been
made about the behavior of R as § — —o0. One physically meaningful choice would be to have the
surface pressure R(0; 3) at the origin tend to —oo; another would be to have the force [p R(x; ) dx
tend to —oo.

In Section we will formulate as a nonlinear operator equation .% (3, w) = 0 in a Banach
space. We will also state several important results about the corresponding linearized operators.
Since R does not appear in the linearized equations, these results were essentially proved already
in [Whe]|, so we will omit almost all of the proofs. In Section we will prove Theorem using
the implicit function theorem together with monotonicity and compactness results from Sections
and [3l The remaining theorems are proved using the Healey—Simpson degree [HS98], the important
properties of which are summarized in Appendix [A.2]for the readers convenience. In Section [4.3] we
will define the continua %Qi and €5 in terms of the curve 47 from Theorem making precise the
sense in which they are connected. We will then use nodal properties together with a topological
degree argument to prove that neither 4, nor %3 is precompact. Finally, in Sectionwe will prove
Theorems and Unlike in [Whe], we will not use weighted spaces when defining the topological
degree for .#. This is possible thanks to Lemmal[4.12] a simple observation about nonlinear Fredholm
operators. We note that Lemma can also be applied in [Whe] to remove all mention of weights
from the argument.

4.1 Formulation and linearized operators

We define the Banach spaces
X ={we L") NC3(Q) : w=0on B}, Y =Y x Y,
Vi = CHE(Q) N CR(9), Yy = CEE(T) N G5 (%),

where the subscript “e” denotes evenness in ¢q. Because of ((1.18d|), we introduce a small parameter
6 > 0 and work in the open subset

Us = {w e X :inf(H, +w,) > 5} € X.

In this notation, (1.18]) is a nonlinear operator equation .# (8, w) = 0, where
F = (f}\l,ﬁg): R x UO —Y
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is given by

1+ w Wy
= (3 1), (),

H + wp) p Hp + Wy / q

1+ w A
)]
21 < 2, + w,)? g Tgw— 5+ ( 5)) .
One easily checks that % is smooth (in fact analytic), and that the linear operator
Fp(w) = Fp(Bw): X =Y

obtained by taking the Fréchet derivative of .# with respect to w is independent of 5 and given by

Fron(w) ( 1 —i—wg Wy ) N ( 1 Wy )
w)p = — — ,
AT\t wpB T Wy w2 e T \Hy twy, T (Hy t w2
1+ w? w
F: = — 4 d )

In particular, linearizing about the trivial solution w = 0 we obtain the linear operator from ([2.10J),
1 1 1

F (0 :<— )+(— ) Fow(0)p = ——=00 + go. 41

1w(0)¢ mr), g9, 2w(0)¢ w3 v 97 (4.1)

We note that for fixed w € Uy, F1,(w) is uniformly elliptic and Fa,, (w) is uniformly oblique. Indeed,
the coefficients of .F#1,,(w) satisfy

1+w 1 w, 2 1
(Hp + wp)? Hp + wp <(Hp + wp)2> - (Hp+wp)?
while the coefficient of ¢, in P, (w)¢p satisfies
1+ wg 1
_ < — .
(Hp +wp)® = (Hp + wp)?

Furthermore, %1, and %9, are uniformly elliptic and oblique as w ranges over bounded subsets of
Us with § > 0 fixed.

We now state several lemmas concerning the linearized operators .%#,,. These will be needed in
Sectlonlwhen we define a topological degree for .%. Nearly identical lemmas are proved in [Whel, so
we omit almost all of the proofs. While the Holder spaces C&*(Q) of functions vanishing at infinity
do not appear in [Whe], their inclusion poses no difficulty here, see Corollary and Lemmas
and in Appendix As in Appendix it will sometimes be useful to think of .%,, as a
map Xy, — Y}, where X3, Y}, are analogues of X,Y without the vanishing condition at infinity or
evenness,

Xy, ={we Q) : w=0on B}, Yy, = CLT(Q) x C2T(T).

Lemma 4.1. Let w € Uy satisfy

0

gsup/ (Hp 4 wp)* dp < 1. (4.2)
q -m

Then the linear operator F,,(w) is invertible X — Y and Xy, — Yy,. In particular, %,,(0) is invertible

whenever X > ;.

Proof. For convenience set h = H 4+ w, and consider the Hilbert space

A ={ve H(Q):ulg =0}
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We say that v € 7 is a weak solution of .7, (w)v = (f1, f2) if, for all ¢ € A,

1 + h2 hy 1
(v, ) Up p ﬁ(vp‘%’q + vgpp) + F%‘Pq) dpdq—g | vedr
p p T

—//Qflsodpdw/ngsod:v.

Here when integrating by parts we have taken advantage of the special divergence structure of
Fuw(w). In particular, we have used that %9, (w) — ¢ is the conormal derivative operator (see for

instance [GTO1]).
0 0 2
<([ ) ([, 75)

For smooth ¢ € 7, the elementary bound
0 2
= ‘ / ep(q,p) dp
0
/deqﬁ (sup/ h3dp> // dpdq— // L dpdq,
T qgeR J —
where we have defined p = gsup, [~ 0 h3 dp < 1. Thus

1 — ,0 + h2 2hy 1
B(p, ») // — 22 — 2 S Ppq + hfwﬁ)dpdq- (4.3)
P

implies

The quadratic form

(L= p+ h2) /B3 —hy/I2
—hg/h2 1/hy,

appearing in (4.3)) is easily seen to be uniformly positive definite; indeed its diagonal entries as
well as its determinant (1 — p)/ hf) are uniformly bounded away from zero. Thus (4.3) implies
B(p,p) > c||Dg0H%2 . Since functions ¢ in J# vanish on B, we have |[¢||g1q) < C||D¢||r2(q) and
hence B(y,¢) > cH<pHH1 . Standard Lax-Milgram arguments then show that .%,(w)v = (f1, f2)
has a unique solution v € ﬁf for any f € L?(Q) and g € L*(T).

See Appendix A in [Whe| for the passage from weak (H') to classical (C*%) solutions, and
Corollary in this paper for the addition of vanishing conditions at infinity (the limiting operator

for Z,(w) is %, (0)). To see the second statement in the lemma, we note that, by the definition
(1.14)) of the Froude number, w = 0 satisfies (4.2)) if and only if A > A¢;. O

As mentioned earlier, the following lemmas appear with only minor modifications in [Whe] and
will be given here without proof.

Lemma 4.2 (Index 0). If w € Uy, then the linear operator F,(w): X — Y is Fredholm with index
0.

Lemma 4.3. Fiz w € Uy and set (A,B) = Fy(w). Then there exists kg < 0 so that, for
k € C\ (—o0, Ko, the linear operator (A — kI,B): X — Y is Fredholm with index 0. Here we
temporarily allow functions in X,Y to be complex-valued.

Lemma 4.4 (Spectral estimate). Let § > 0 and let K C Us be closed and bounded. Fizing
0 € (m/2,), there exist constants c1,ca > 0 such that for allw € K and k € C with |argk| < 0 and
|K| > c2,

allellx < [81*2(A = kDelly; + 5192 Belly,,
where (A, B) = Z,(w).
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Definition 4.5. Let L = (A, B): X — Y7 x Y3 be a bounded linear operator between Banach spaces
with X C Y;. We denote by X(A, B) the spectrum of A, considered as an unbounded operator
Y7 — Y7 with domain X Nker B.

Lemma 4.6 (Spectral condition). Let w € Uy and set (A, B) = F,(w). Then there exists an open
neighborhood N of the ray {k € C : k > 0} in C such that (A, B) N N consists of finitely many
etgenvalues, each with finite algebraic multiplicity.

4.2 First continuation

We now state and prove a more precise version of Theorem in terms of the w, ¢, p variables from
Section We will abuse notation and continue to refer the curve in Theorem [I.1] as 47 even when
working in the w, g, p variables.

Theorem 4.7. The trivial solution (3,w) = (0,0) of Z(B,w) = 0 lies on a unique C? curve
%1 C R x Uy of solutions parametrized by 3,

w = w(pf), B- < B < B4, —0 <P <0< Py < (4.4)

with the following properties. Solutions in € with B > 0 satisfy the nodal elevation properties
(2.31)), solutions in €1 with B < 0 satisfy the nodal depression properties (2.32)), and all solutions in
1 satisfy

0
gsup/ (H, +w,)dp < 1. (4.5)

q —m
Moreover, as B — (4 along 6, either (4.5)) tends to an equality or ||wp| e — c0. As f — [_ we
have the same two alternatives or else f_ = —oo.

In the proof, we will need the following elementary observation:
Lemma 4.8. There exists * > 0 so that any solution (B,w) of F(B,w) =0 has § < B*.
Proof. Let (8, w) solve .# (B, w) =0, and for convenience set h = H +w > 0. At (¢,p) = (0,0), the
top boundary condition (|1.13bf) gives
2

1+h A
—gd < L+ g(h—d)= 5 — R(0:5),

2h2
and hence R(0;3) < gd + % Since R(0;3) — 400 as f — oo by (1.3) and g¢,d, A are fixed, we can
pick f* > 0 so that R(0;3) > gd + % whenever 5 > *. O

We also record for later use the following consequence of the results in Section

Proposition 4.9. Let (8, w,) € R x Uy be a sequence of solutions to .F (5,w) = 0, and suppose
that sup,, ||Opwy|| (@) < 0o and inf,, B, > —oo. Then either (B,,wy) has a convergent subsequence
or it is oscillatory according to Definition[3.9

Proof. By the elementary Lemma (4.8 sup,, 8, < 8* < oo, so we can extract a subsequence with
Bn — B for some S € R. Applying our uniform regularity result Proposition we also have
sup,,[[wnl|cata) < 00. If (By,wy) is not an oscillatory sequence, then Lemma on uniform
decay and our assumptions (|1.3) on R(q; ) imply

qgiﬂoo sup Sl;p|wn(Q7p)| =0.

Applying our compactness result Lemma we can therefore extract a further subsequence so
that w, — w in CPT*(Q). O
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Proof of Theorem[{.7]. By Lemma Fuw(B,w) = Fyp(w) is invertible for all w € Uy satisfying
. In particular, %,(3,0) is invertible. Therefore by the implicit function theorem there exists
a C? curve w = w(B3) of solutions to .Z (B, w) = 0, defined for |3| < ¢ for some ¢ > 0. Unpacking
the first statement in , we find

R(q) >0, Ry(q) <0 for x >0 and 5 >0, (4.6)
R(q) >0, Ry(q) <0 for x> 0and 3 <0. (4.7)
Thus, after possibly shrinking e, Proposition [2.11] and Lemma [2.12] on nodal properties guarantee

that w(f) satisfies the nodal elevation properties (2.31]) for 0 < § < ¢ and the nodal depression
properties (2.32)) for —e < 5 < 0.

Let (B_,B+) be the maximal interval on which a C? curve w = w(f) of solutions to .7 (3, w)
satisfying (4.5) can be defined. Our above argument shows that f_ < —¢ < ¢ < 4. We claim
that w(p3) satisfies the nodal elevation properties (2.31]) for 0 < 5 < 4 and the nodal depression

properties for f_ < B < 0. Set
B, ={B€(0,B4): w(B) satisfies (2.31)},
B_ ={B€(B-,0): w(B) satisfies (2.32)}.
We know that each By is nonempty; indeed we have just shown By D (0,¢) and B_ D (—¢,0). By
Lemma B4 are each open, and by Lemma they are relatively closed. Thus By = (0, 84)

and B_ = (8_,0), which proves the claim.
Now we analyze the limits § — 1. By Lemma[.8] §; is finite. Suppose for contradiction that

0
lim inf||w () < 00, lim inf su / H, + @,)%dp < 1.
BBy I p(ﬁ)HL (Q) g BLE, qp 7m( P p) p

Then by Proposition we can find a sequence (3, — B4 with w(f,) — wy € Uy, where (B4, wy)
solves .Z (B4, wy) = 0 and w; satisfies (£.5). By Lemma Fw(B+, w4 ) is invertible. But then
we can apply the implicit function theorem near (By,wy) to extend our C? curve to 8 > B, near
B+ while still maintaining , contradicting the maximality of ;. The same argument works as
B8 — p_, provided that S_ > —oc. O

4.3 Nodal properties and compactness

In this section we will prove Proposition on the nodal properties of Cff and %%, and also
Proposition which states that neither 4, nor %3 is precompact. As in Section we will
abuse notation and refer to the continua from Theorems and as %Qi and €3 even when
working in the w, q, p variables. These continua are defined as follows:

Definition 4.10 (The continua ;- and €3). Let .7 be the set of nontrivial solutions of .7 (3, w) = 0,
S ={(B,w) eRxUp: Z(B,w) =0, (B,w) #(0,0)},

viewed as a subset of R x X. We define ¢35 to be the connected component of .7 containing
¢ =% N{B >0}, and €, to be the connected component of .% containing ¢, = %1 N {B < 0}.
Finally, we define CK; to be the connected component of €5 N {S > 0} containing Céfr .

Note the inclusions €5 C €5 and €,” C €5, which are shown in Figure .
Proposition 4.11 (Nodal properties).

(a) The continua €5 and €, are disjoint.

b) All solutions in €, have 5 < 0 and satisfy the nodal depression properties (2.32)).
2
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(b)

Figure 3: (a) The curves 4= and continua €;° and €3 in Definition The curves €. are shown
in bold, ;5 \ €F with a regular stroke, and € \ €, with dashed lines. (b) The neighborhood V in
the proof of Theorem V' is the shaded region, and F is the strip with 0 < 8 < % By

supn

C

B
T4 T
Figure 4: The sets A, B, C from the proof of Proposition The dashed lines are not in B.

(c) All solutions in €y satisfy the nodal elevation properties (2.31)).
(d) All solutions in €5 N{B < 0} have supypw > d* —d.

Proof. Recalling that n(q) = w(q,0), consider the continuous function

f:y%R27 f(va):(B7supTw)'
Combining Corollaries and we find that f(.) C AUBUC, where

A={(B,0): <0}, B=A{(B,s):08,s>0}, C={(B,s):5<0, s>d" —d}.

These sets are depicted in Figure Here A corresponds to waves of depression with § < 0, B
corresponds to waves of elevation with 5 > 0, and C' corresponds to waves with 8 < 0 which are not
waves of depression. From Theorem we know that €, meets A and ‘51+ meets B. Therefore
¢, meets A and €5 meets B. Since A and B U C form a separation of AUBUC and ¢, and €5
are connected, we deduce that ¢, C f~!(A) and €5 C f~1(BUC). In particular, %, and €5 are
disjoint.

Next, note that f(%, ) C A implies ¢, C {8 < 0}. We already know that solutions in ¢, C &€,
satisfy the nodal depression properties . Since ¢, is connected, Lemmas and on the
preservation of nodal properties then imply that all solutions in €, satisfy . When applying
these lemmas it is essential that # not change sign on 4, . Similarly, since ‘K; C {8 > 0} is
connected and contains the curve Cff along which the nodal elevation properties hold, ([2.31))
holds for all solutions in %,". Finally, we observe that €3 N {8 < 0} C f~(C), and hence that
solutions in €5 N {f < 0} have suprw > d* — d. O

In order to prove Proposition 4.14], we will use the Healey—Simpson degree summarized in Sec-
tion To define this degree for our nonlinear operator .Z (3, w), we need to show that a suitable
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restriction of .% is proper. We call a nonlinear mapping F': X — Y proper if F~1(A) is compact
whenever A C Y is compact. We will show that .# is proper using the following simple lemma.

Lemma 4.12. Let X,Y be Banach spaces, U C X an open set, and F: U =Y a C' mapping whose
Fréchet derivative F.(z) is Fredholm for each x € U. Let K C U N F~1(0), and denote by K. the
e-netghborhood of K. If K is compact, then F|E: K. — Y is proper for all ¢ > 0 sufficiently small.

Proof. First fix * € K. Since L = F,(z*) is Fredholm, we can decompose X = X; & Xy and
Y =Y, &Y, where Xo = ker L and Y; = ran L. Using these decompositions we can rewrite the
equation F'(x) =y as the system

F1 (a;l, 332) = Y1, (48)
Fy(w1,22) = 9o, (4.9)

where Dy, Fi(z7,25) = L|x,: X1 — Y} is invertible. The implicit function theorem then allows us
to solve (4.8) for x;, that is there exists a neighborhood V* x W* of (z*,0) € U x Y together with
a C! function 71 (x9,y1) so that

{(z,y) e VF x W*: Fi(z1,22) =y} = {(z,y) € V¥ x W*: 2y = Z1(22,51) }- (4.10)

We claim that F is proper when restricted to V* N F~!1(W*). Suppose that a sequence 2" € V* has
F(z™) = y™ — y with y" € W*. We need to show that ™ has a convergent subsequence. Since F is
Fredholm, X> is finite-dimensional, so we can extract a subsequence with zi; — z2 in X>. But then
(4.10) gives

ot = T1(xy, y7) — T1(22, Y1)

and hence that ™ = (z7,z%) is convergent, proving the claim. Since V* N F~1(W*) contains the
open neighborhood V* N F~1(W*) of *, F is therefore proper when restricted to B.(z*) for ¢ > 0
sufficiently small.

Since K is compact, we can therefore find finitely many points z1,...,x, € X and € > 0 such
that K C U;B:(z;) and F is proper when restricted to each Ba.(x;). Therefore F is proper when
restricted to the union U; Boc(w;). Lastly, we note that F~1(0) C U; B-(w;) implies

K. ={zx €U :dist(z,K) < e} C U;Bos(x;),

and hence that F is proper when restricted to K. O

Lemma 4.13. Let K C (R x Uy) N.Z~1(0) be compact, and let K. denote the e-neighborhood of K.
Then for all € > 0 sufficiently small, ﬁ]gg is an admissible generalized homotopy (Definition
with parameter (.

Proof. First we claim that for (8, w) € R x Uy, the linear operator (A, B) = %, (83, w) is admissible
according to Deﬁnition Condition is Lemma condition is a special case of Lemma @,
and condition is Lemma Finally, condition is a consequence of condition By
there exists k € C such that (A — kI, B) is onto X — Y] x Y5. Thus B: X — Y5 must be onto.
Next we claim that, for ¢ sufficiently small, .# (3, - ): K. — Y is admissible according to Defini-
tion We have just shown By the compactness of K C R x Uy, we can pick € small enough
that K C R x Us for some § > 0. In particular % |z & 1s C?, which implies |(i)l By the compactness
of K and Lemma we can then shrink ¢ further so that % |IT is proper, which implies |(i
Comparing with Deﬁn1t1on we conclude that 7 |7 % 1s an admissible generalized homotopy. D

We are now ready to prove Proposition which will be the core of our proofs of Theorems
and It is also the only place where we use the topological degree.
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Proposition 4.14. Neither €35 nor 6, 1is precompact.

Proof. As in [Whel Theorem 5.2], we follow the proof of Theorem II.6.1 in [Kie04]. Assume for
contradiction that €3 is precompact. Then

K :=%5 =%5U{(0,0)}
is compact. Letting K. denote the e-neighborhood of K, Lemma guarantees that there exists

€o > 0 such that .# ]K—EO: K., =Y is an admissible generalized homotopy with parameter [.

Let p+ and w(B) be as in Theorem Then, for all f_ < B < B4, F(B,w(B)) = 0 and
Fw(B,w(B)) is invertible. Thus by the implicit function theorem we can find 0 < €1 < €¢/2 so that
w = w(B) whenever .7 (3,w) =0, [|[w — @(B)||x <21, and 38 < 8 < 35;4. Define the strip

E={(Bw):0<8< 38y, lw—w(B)lx <er}.
Using the notation Ag = {w : (8, w) € A} for subsets A of R x X, the above properties of .# imply

deg(Z (B, -), Ep,0) = (=1)"P £0,  0< B <384, (4.11)

where “deg” is the Healey—Simpson degree summarized in Section and v(f) is the number of
positive eigenvalues of %,,(8,w(5)) counted according to algebraic multiplicity. We will reach a
contradiction by using additivity and homotopy invariance (Lemmas and to show that the
degree in vanishes.

We claim that €5 \ E C K is closed and hence compact. Since @5 is a connected component of

~1(0)\ {(0,0)}, it is enough to show that (0,0) is not a limit point of €3\ E. So let (B, wy) € €5

be a sequence with 3, # 0 which converges to (0,0). Applying the implicit function theorem near
(0,0), we can assume without loss of generality that (5, w,) € €. Since € N{S < 0} is contained in
¢, , which is disjoint from %5 by Proposition we must have 3, > 0. But then (8,,w,) € E
for n sufficiently large, which proves the claim.

Since the compact set €5 \ E does not meet either of the closed sets .#~1(0) \ €5 or

OB ={(B,w):0< 8 < Bs, |w—ad(8)x =e1},

we can find 0 < g3 < 7 such that dist(¢3 \ F, 0, E) and dist(€5 \ E, . ~1(0) \ €5) are both greater
than e2. Letting V! be the ea-neighborhood of €5 \ E, we define the bounded open subsets

V=VuE, W:=V\\E
of K.,. See Figure [3p for an illustration of £ and V. We claim that V' and W satisfy

EcCcVandV C K, (4.12a)
VNouE =2, (4.12b)
F #0on 0V \{(0,0)}, (4.12¢)
F # 0 on OW\ {(56+, w(38+))}, (4.12d)
Vs =WsUEgzand WsNEg =@ for 0 <8< 384. (4.12e)

The first three properties (4.12al)—(4.12¢) are straightforward, and (4.12e)) is a consequence of (4.12b]).
To see the remaining property (4.12d)), observe that (0,0) € .#~1(0)\ €5 is a positive distance away
from V1.

We now compute the degree of . on sections of V' and W. By (4.12al) and (4.12c|), homotopy
invariance (Lemma implies that deg(.# (8, -),V3,0) is constant for 5 > 0. Since Vg = & for
sufficiently large and positive, this gives

deg(F (B, -),V3,0) =0 for g > 0.
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Similarly by (4.12a)) and (4.12d)), deg(.# (3, - ), W3, 0) is constant for 3 < %,BJF. Since W = @ for g
sufficiently large and negative, this yields

deg(‘g\(5> )aWﬁvo) =0 fOI'5< %ﬁJr
Finally, by additivity (Lemma [A.4) and (4.12€]),
deg(ﬂ(ﬁ’ . )aEﬁ’O) = deg(‘g(ﬁa )avﬁao) - deg(g(ﬁa : )a WB,O) for 0 < ﬁ < %BJr

=0-0=0,
contradicting (4.11)).
The argument for ¢, is similar. O

4.4 Second and third continuation

In this final section we will state and prove more precise versions of Theorems and [I.4] in the
w, q, p variables. The proofs are straightforward, relying on Proposition [4.9] on compactness, Propo-
sition [£.1T] on nodal properties, and Proposition [£.14) on noncompactness. See Definition [£.10] for the
definitions of the continua %Zi and €5

Theorem 4.15. Solutions in €, have § < 0 and satisfy the nodal depression properties (2.32]).
Moreover, €, satisfies one of the two alternatives

(i7) (Stagnation) sup||wp||pee(q) = oo; or
Cy

(ii7) (B large and negative) inf f = —o0.
by

Solutions in €, satisfy the nodal elevation properties (2.31), and €, satisfies one of the two alter-
natives

(it) (Stagnation) sup||wpl| () = co; or
29

(iit) (Free wave) There exists a solution other than (8,w) = (0,0) in €, with B = 0.

Proof. The statements about nodal properties as well as the containment 6, C {8 < 0} are already
proved in Proposition so it only remains show the alternatives. Suppose first that neither of
the alternatives hold for €, . Since the nodal depression properties hold along %, ,
it cannot contain any oscillatory sequences (Definition . But then Proposition implies that
¢, is precompact, contradicting Proposition

Now suppose that neither of the alternatives hold for €,F. Then ¢," C {8 > 0}. Since
%, is the connected component of €3'N{3 > 0} containing ¢}, this implies that €3 = €," C {8 > 0}.
In particular, €3 satisfies the nodal elevation properties by Proposition Applying Propo-
sition as before, we deduce that %; = %5 is precompact, violating Proposition O

Theorem 4.16. Consider the same situation as in Theorem . Suppose that alternative
does not hold, so that €, meets {8 = 0}. Then

(a) Some solutions in €5 have § < 0, and all solutions in €5 N{B < 0} have supyw > d* —d. In
particular, €35 does not meet €, .

(b) One of the following three alternatives holds:

(iii) (Stagnation) sup |[wplre(q) = 0o; or
a\e
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(iv) (B large and negative) inf [ = —oo; or
G\G

(v) (Oscillation) €5 \ €5 contains an oscillatory sequence (By,wy).
(c) €5 is precompact.

Proof. By Theorem we know that solutions in €, satisfy the nodal elevation properties .
Since does not hold and Sa”; C {B > 0}, Proposition then implies that ‘5; is precompact,
which is|(c)]

By Proposition will have [(a)] if we can show that €5 N {8 < 0} is nonempty. If it were
empty, we would have €3 C {B > 0} and hence €5 = %,". But then %3 would be precompact by |(c
contradicting Proposition . To prove @ assume for contradiction that none of the alternatives

m ﬂ . (v)| hold. Then %* \ %" is precompact by Proposition But then [(c) . )| implies that
¥ U (65 \‘5+ ) is also precompact, again contradicting Prop081t10n O

A Appendix

A.1 Examples

In this appendix we will construct an explicit family of solutions of with constant vorticity
~ and for certain surface pressures R(z;[). Solutions in this family with § > 0 are monotone
waves of elevation, and those with 8 < 0 are monotone waves of depression. There are solutions
with § arbitrarily large and negative, as well as solutions with 8 > 0 which are arbitrarily close
to stagnation, either at their crests or at the point on the bed below the crest. In this sense both
alternatives and from Theorem occur.

In Lemma [AT] below, we define these solutions and give several important formulas and qualita-
tive properties. In Section we will compare Lemma [A.T] with Section [I.2and Theorem [1.2} Fi-
nally, we will prove Lemma [A.1]in Section[A.1.2] Recall the definition D, = {( y):—d<y<n(x)}
of the fluid domain from Section [[.2

Lemma A.1. Consider the stream function

2
Ba) = 6o 9) = Slog LA )y - 22 (A1)

where B € R is a parameter and v, d, b, u are constants satisfyz'ng 0<d<b, u>0, and p+~vd > 0.
Also fix the gravitational constant g > 0, and set fp = bu/2 so that 1,(0,—d; Bg) = 0. Then

(a) There exists S > 0 and a smooth, strictly increasing function
Mo (_007 BT) - <_d7 —d+ b)
satisfying no(0) = 0 and

v(0,m(B);B) =0, lim mo(B) = —d, i 1y(0,m0(8); B) = —oo,
¥y (0,m0(8); B) <0, S mo(B) € (0, —d +b), A 1y (0,70(5); 8) = 0.

(b) For all —oco < B < min(Br, Bp) there exists an even free surface profile n(-; ) € C§°(R) with

n(0; B) = no(B) so that ¢(-;B) € C(Dy,) solves (L.11)) with surface pressure R(-;3) € C§°(R)
defined by (1.11d|). Here the asymptotic shear flow U, flux m, Bernoulli constant \, and Froude

number F are given by
d? v+ 12
c—U@y) =y +d) +p, m= %Md, A=(yd+p)? F= %. (A.2)
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Figure 5: In each plot, the upper curve is the free surface y = n(x; ) with 5 = min(8r, fp), and
the lower curve is the free surface with 5 = —1.5. Here d =1, ¢g=1,b=2, F = 3, and u =~ 2.57.
Other streamlines of the taller waves are shown in Figure [6]

Moreover, n and R are C5° functions of (x,8) € R x I for any interval I compactly contained
in (—oo, min(Br, Bp)).
(¢) The solutions from satisfy the no-stagnation condition supp, ¥y < 0 as well as the nodal
properties
BNz (0;8) <0, Bane <0, Brp, <0 for —d <y < n(x;8) and Sz # 0. (A.3)
If 8 =0 thenn, R, v, =0.
(d) The value R(0;3) of the surface pressure at x = 0 tends to —oco as B — —o0.

A.1.1 Comparison with Section
Consider the same situation as in Lemma and let

(u7va77) - (u(ﬁ)?v(5)777(6))7 —00 < < min(ﬁTw@B)a

be the smooth curve of solutions of (1.1)) given by v, = —v and 1y = u — c. Defining the connected
sets

€5 = {(B8,u(B),v(B),n(B)) : —o0 < B < 0},
%5 = {(B,u(B),v(B),n(B)) : 0 < B < min(Bg, Br)},

we have by Lemma that €, consists of monotone waves of depression with 5 < 0 while CK;
consists of monotone waves of elevation with 8 > 0. We plot some typical free surfaces in Figure
Since there is a solution (8,u(8),v(8),n(B)) in €, for all § < 0, €, satisfies alternative |(ii~ )| of
Theorem
We claim that alternative holds for €. Note that sup p,u<c for each fixed 5 < min(8g, fr)
by Lemma [A.l(c)l If fp < fr, then as § — Sp the wave (u,v,n)(5) approaches stagnation at the
point (—d,0) on the bed directly below the crest,
sgp(u —c) > u(0,—d) — ¢ = ¢y(0,—d) = ? —u 0.
n

On the other hand if By > Sp, then as f — P the wave (u,v,n)() approaches stagnation at its
crest,

Sgp(u —¢) > u(n(0), —d) — ¢ = Yy (no(B), —d; 8) = 0

by Lemmal[A.[(a)] Streamlines for some limiting waves with stagnation points are shown in Figure [6]
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Figure 6: Streamlines for the tallest waves in Figure [5] Stagnation points are indicated by dots.

y=-5 7=0 7=5

Figure 7:  The surface pressures R = R(x; ) for the waves whose free surfaces n are plotted in
Figure [, The upper curves have 8 = min(fSr, fas) while the lower curves have § = —1.5.

Next we consider the hypotheses set out in Section [1.2| on the shear flow U and Froude number
F. From we know that ¢ — U(y) = vy(y + d) + p is linear, so U certainly has the regularity
U € C3+2[—d, 0] for any ae. Moreover, the maximum value of U(y)—c on [—d, 0] is max(—u, —u—-~d),
which is negative. However, the assumptions in Lemma [A7T] do not imply that the Froude number
is supercritical. Using we see that F' > 1 is equivalent to u(p+ dvy) > 1. (The influence of the
Froude number on the surface pressure R can be seen in below.)

The remaining hypotheses in Section concern the surface pressures R(z;3). We plot some
typical surface pressures in Figure[7l We have already shown in Lemma that R is smooth jointly
in z and § and that R(z;0) = 0. Since R(-; /) is only defined for 8 < min(Sr, Bg), we cannot talk
about the limit of R(0;3) as § — +oo; the limit of R(0;3) as f — min(Sr, Sp) is easily seen to be
finite. The last two hypotheses on R are

2BR.(x;8) <0, (A.4)

sup |R(z;0)|dx < oo VM > 0. (A.5)
R|8l<M

Taylor expanding (A.1) and (1.11d) near y = 0 and x = +o0, we find

wwid) = e 5 +0(5) R@B =glF - i p)+0(5),  (A0)
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as x — too, and similarly

Wdi 1 1 1
p@i8) =+ 0(2),  Ru(wB)=g(F - (@8 +0(—), (AT
me(2i0) = G 2 T O\ Ra(x38) = g( )2 (23 5) + O( — (A7)
where the implied constants are uniform for § in any compact subset I of (—oo, min(8p, 8r)). From
the first equation ({A.6)) we have

[ supl(e: p)]do < .
R pel

which is similar to (A.5). Also, if F' > 1, then by there exists M = M(I) > 0 so that
holds for 8 € I and |z| > M.

Finally, we numerically investigate the condition (A.4)) on R(z; ) for finite values of x. Plotting
R(x; B) for several supercritical Froude numbers F' > 1 and a variety of values of d, b, u, 7y, g, it seems
that always holds when 8 < 0. On the other hand, does not always seem to hold when (8
is sufficiently close to min(f8p, Bp). This is easy to see in the third plot in Figure |7} the upper curve
R(z; fp) has two local minima at x &~ +1.55. Next we consider the upper curves in the other two
plots. These surface pressures R(x; 5r) correspond to the flows in Figure |§| with stagnation points at
their crests. Zooming in very closely near the stagnation point, we appear to have n(z) ~ n(0) — k|x|
and R(x) ~ R(0) + gk|z| for some positive constant k. While not visible in Figure |7 this again
seems to violate (A-). The constant k = |15 /1hyy|/2(0,1(0)) is predicted by a Taylor expansion.

A.1.2 Proof of Lemma

In this section we prove Lemma The core of the proof is showing that ny(3) and n(zx; 5) exist
and have the desired properties. Though we will not make use of this fact, we note that the inverse
functions of x — n(z; B) and S — no(B) both have explicit formulas.

Proof of Lemma[Ad. We begin by proving [(a)] Computing

we have by the implicit function theorem there exists a smooth increasing function ny(8) solv-
ing 1(0,10(8); 8) = 0, defined for |3| sufficiently small and with 79(0) = 0. By a standard ar-
gument based on the implicit function theorem, we can then extend the domain of definition of
7o to some (possibly infinite) interval (5_,37) such that 79 is smooth and strictly increasing on
(6, Br), and such that f_ < 0 < fr are maximal in the following sense: As f — [_ we have
either v, (0,10(8); 8) — 0 or 1no(B8) — —d or else f— = —oo, while as f — fBr we have either
Py (0,m0(8); B) — 0 or no(B) — —d + b or else f_ = +o0.

First consider the limit § — S_. Now n9(3) is strictly decreasing, 79(53) < 0 for all 5_ < 8 < 0.
For any 8 < 0 and —d < y < 0 we have

Py(0,y;8) < —v(y +d) —p < —|yld — . <0,
so this means that 1, (0,70(5); §) is uniformly bounded above for f_ < # < 0, which rules out
Py (0,m0(B); B) = 0 as B — p_. Since (0, —d; 3) = m > 0 for all 5, the continuity of 1 also rules
out no(8) — —d as B — B_ unless f_ = —oo. Therefore f_ = —oo. Taking limits in (A.1]), we see
that 5 — —oo forces n9(8) — —d. Taylor expanding, we find

bm 1 25 1
() = —d= 52 +0(55),  uOm(B):6) =7 —u+0(15)
as f — —oo, and hence ,(0,n(8); 3) — —oo. Next we consider the limit 3 — fr. For
large enough, inf_gey<_q+49(0,;8) > 0, so Br must be finite. Since ¥ (0,y;8r) — +oo as
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y — —d + b, we also cannot have n9(5) — —d + b as 8 — Bpr. The only remaining possibility

is that 9, (0;70(8); 8) — 0 as 8 — Br.
Fix —oo < 8 < min(Bp, fr). We claim that supg 1, < 0, where S is the strip

Si={(z,y): —d<y< n{f , where 776F = max(no,0), 1, = min(no, 0).

Note that S is nonempty and that 79 < —d + b guarantees ¢ € CP°(S). Factoring the rational
expressions for the relevant partials, we find

Bx, <0 and Baipyy <0 for —d <y < —d + b, with equality iff 5 = 0. (A.8)

First consider the case where 5 > 0. Then 1y > 0 means nar = 10, and pxi,, < 0 implies that
supg ¥, is achieved along the vertical line x = 0. Checking that v, (0,y) is a convex function of
—d < y < ng, we deduce

sup i, = mase{i (0, ~d) vy (0.70)}. (A.9)

Since 3 < g, we have b, (0, —d) = 28/b—p < 0, and by part [(a)| we have t,,(0,70) < 0. Thus (A.9)
implies supg 1, < 0. Now consider the case where 5 < 0. Then 77(J)r =0, and Bz, < 0 implies that
supg ¥y is achieved as x — Fo0. Since lim; 400 ¥y (0,y) is linear, we have

Sup v, = max { Jim (0, —d), Tim 4,(0,m0) } = max{—p, —u —yd} <0,

thanks to our initial assumptions on p,~,d.

Still with $ fixed, we next prove the existence of n(x) solving ¥ (z,n(x)) = 0 and satisfying the
nodal properties in If B = 0 then 9 (z,0) = 0 and we can take n = 19 = 0, so assume 3 # 0.
Since 9(0,10) = 0 and 1, (0,70) < 0, we can find a smooth function n(z) solving ¢ (z,y) = 0 for |z
sufficiently small, with 7(0) = ng. Since ¢, = 0 for x = 0, we have 7,(0) = 0. To extend this local
solution, we need the following additional facts about ¢:

B (x,0) > 0, zgrfoow(x,()) =0. Bez(0,y) <0 for —d < y < no, (A.10)

which can be checked by direct computation. By the last inequality in , Bz (0) < 0, so
ny < n(z) < ng for |z| # 0 sufficiently small. Thus by the first inequality in (A.8), Bzn(z) < 0
for |z| # 0 sufficiently small. So suppose that this solution 7(z) can be smoothly extended to an
interval (—L, L), with

ny < n(z) <ng and Bang(z) <0 for 0 < |z| < L, (A.11)

and that (—L, L) is the maximal interval for which this is possible. We claim that L = 4+00. Assume
not. Since 7 is strictly increasing or decreasing as x — 4L, it has a limit

f= 1 € [ng g,
y leian(w) (M0 70 |

and by continuity ¢(L,y*) = 0. Since infg, < 0 implies ¢, (£L,y*) < 0, we can therefore apply
the implicit function theorem near (+L,y*) to slightly extend the domain of definition of 7. By the
first inequality in , Bnz(L) < 0, so this extension can be made to preserve the second inequality
in . Thus by the maximality of L, the first set of inequalities in must be violated,
i.e. we must have y* € {ny,ns}. If B < 0, then 7 is increasing as a function of |z|, so the only
possibility is y* = 773 = 0. Similarly, if § > 0 then 7 is a decreasing function of |z|, so the only
possibility is y* = 7, = 0. But by the first inequality in (A.10)), ¥(L,0) # 0, so in either case we
have contradicted ¢ (L,y*) = 0. Thus the claim is proved: n(x) is defined and smooth for all z € R
and satisfies the inequalities in for x # 0. Moreover, n satisfies all of the nodal properties

E3).
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With n(x; 8) defined, the rest of the lemma is straightforward. Let —oo < f < min(8r, 5B).

First we claim that n — 0 as  — Zoo. By (A.3), n(x;8) has a limit y*(8) € [ny (8),ng (B)] as
x — Foo. The continuity and decay properties of wlmply Y(x,y*;8) — 0 as  — oo, which then

forces y*(8) = 0, proving the claim. Therefore D, C S and ¢ € C°(D,)). Thus supg ¢, < 0 implies
supp, ¥y < 0. We also compute Aty = —y on D,, which is . The formulas in for the
flux m, Bernoulli constant A, and Froude number F' in are easily verified using their definitions
in and together with the formula for ¢ — U, and the bottom boundary condition
is immediate. The limits ¢, — 0 and ¢, — U — c as * — £o0o are uniform for —d <y < nar, so the
asymptotic conditions are satisfied.

Differentiating ¢ (z, n(x; 8); 8) = 0 with respect to x, we deduce n € C§°(R). The surface pressure
R is defined by the boundary condition ,

R(w; ) = =5Vl (2, n(w; B); B) — gn(w; B) + 3.
Since 7, 1., and wg — A are all C§°(R) for each fixed 3, we have R(-; ) € C5°(R) as well. Also, |(a)
implies
R(0; 8) = —5¢2(0,7(0; 8); B) — gn(0; 8) + $A = —o0  as 8 — —o0,

which is @ The smooth dependence of R and 7 on 3 from part @ is clear from their construction.
O

A.2 The Healey—Simpson degree

In this appendix we repeat a summary [CS04, Whe| of the key features of the Healey—Simpson
degree [HS9§| for the reader’s convenience. This degree is needed for the proof of Proposition
First we define a notion of admissibility for linear maps, taken from [HS98| [CS04].

Definition A.2. Let X, Y7, Y5 be Banach spaces, with X continuously embedded in Y7, and set
Y =Y x Ya. We call a bounded linear operator L = (A, B): X — Y admissible if
(i) L is a Fredholm operator of index zero.
(ii) B is surjective.
(iii) There exist constants c1,cy > 0 and « € (0, 1) such that
crflullx < [KI*2[(A = &Dully; + |x| T2 Bully,
for all u € X and real k > Cs.

(iv) There exists an open neighborhood N of the ray {u : p > 0} C C such that (A, B)NN consists
of finitely many eigenvalues, each of finite algebraic multiplicity. Here, as in Definition
(A, B) denotes the spectrum of A considered as an unbounded operator A: X — Y with

domain D(A) = X Nker B.

We next define admissibility for nonlinear operators, again following [HS98, I(CS04]. We call a
nonlinear mapping F': X — Y proper if F~1(K) is compact whenever K C Y is compact. We call
F locally proper if DN F~1(K) is compact whenever K C Y is compact and D C X is closed and
bounded. Note that all proper maps are locally proper.

Definition A.3. In the setting of Definition let W C X be open and bounded. A map
F = (F,F): W =Y is admissible if

(i) FeC*W,Y)NCOW,Y).
(ii) For each u € W, F,(u) is admissible according to Definition
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(iii) F: W — Y is locally proper.

Suppose that F': W — Y is admissible and y € Y \ F(OW) is a regular value of F, so that F,,(u)
is invertible for all w € F~1(y) N W. Then F~1(y) N W is finite, and we define

deg(F,W,y) = Y (=",
u€F~1(y)nW

where v(u) is the number, counted according to algebraic multiplicity, of positive eigenvalues in
Y (F,(u)), which is finite by admissibility, and where the sum over the empty set is 0. If y ¢ F(0W)
is not a regular value, we define deg(F,W,y) to be deg(F,W,y) for some nearby regular value y
which exists by the Sard-Smale theorem; see [HS98].

We need two properties of the degree. The first is additivity:

Lemma A.4 (Additivity). Suppose that W,V C X are bounded open sets with W NV = & and that
F: WUV =Y is admissible. If y ¢ F(OW U9V, then

deg(F, W UV, y) = deg(F, W, y) + deg(F, V. y).
The second property is homotopy-invariance, proven in [HS98]:

Definition A.5 (Admissible generalized homotopy). For T C [0, 1]x W open, we say that H: T — Y
is an admissible generalized homotopy if H € C?(Y,Y) is locally proper and H(t, -) is admissible
for each ¢t. We call t € [0, 1] the parameter of the homotopy.

For T C [0,1] x W and ¢ € [0,1], set T, = {u € W : (t,u) € T}.

Lemma A.6 (Homotopy invariance). If H: T — Y is an admissible generalized homotopy, and
Yy ¢ H(art) fO’F te [07 1]; then deg(H(07 : )a TO,y) = deg(H(la : )a Tla y)

A.3 Elliptic problems in infinite strips

In this appendix we give several slight variations of standard facts about elliptic problems in infinite
strips, mostly without proofs.
Consider a linear equation

Au = aijDiju +bDiu+cu=finQ, Bu=oc'Du+pu=gonT, uw=0 onB, (A.12)

in an infinite strip Q = {(¢,p) € R? : —m < p < 0} with width m > 0, top boundary T = {p = 0},
and bottom boundary B = {p = —m}. Here Di = 0,, Dy = 0,, and we are using the usual
summation convention. We assume that A is uniformly elliptic and B is uniformly oblique in that
a = al?, a€;6; > cl€|?, and |0?| > ¢ for some constant ¢ > 0. We also assume that the coefficients
have the regularity a/,b’,c € C§_2+O‘(§) and p,o0! € C’]];_HC“(T) for some integer k > 2 and
aec (0,1).

Such equations enjoy the following classical Schauder estimate:

Lemma A.7 (Schauder estimate, cf. [ADN59]). If u € C{;*O‘(ﬁ) of solves (A.12)), then
[ullerta(a) < CUIflor—2+aiq) + 9l cr—1+a @y + [[ull e @) (A.13)

where the constant C' depends only on the ellipticity and obliqueness constants and the stated norms
of the coefficients.

Defining the Banach spaces
Xy ={ue C{j*a(ﬁ) cu|lp =0}, Yy, = C{)“*Z*a(ﬁ) X C{f’HO‘(T), (A.14)
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the pair (A, B) defines a bounded linear operator L = (A, B): X}, — Yp. Recall that L is called
locally proper if D N L=Y(K) is compact whenever K C Yj, is compact and D C X is closed and
bounded. Since L is linear, it is locally proper if and only if it has closed range and finite dimensional
kernel, i.e. if it is semi-Fredholm with index < +oo. While the Schauder estimate Lemma [A.7] is
sufficient to prove local properness for linear elliptic operators in bounded domains, in an unbounded
domain we need additional conditions at infinity, see [VV03].
We now assume that the coefficients in (A.12)) have limits as ¢ — +o0,
a’(q,p) = a”(p), V(qp) =V (p), clg,p) =elp), plg) —n, o'(g)—=3d,
and that the limiting coefficients have the regularity @b T e Ck=2+[_m,0]. We then define the
limiting operator
L= (2{’ E), Au = 6ijDiju + b Dju + cu, Bu = &'"Dju + .

We gave a proof of the following lemma in [Whe|, which in turn was a simplified version of the much

more general proof of Volpert and Volpert in [VV03].

Lemma A.8. Assume the homogeneous limiting problem Lu = 0 has no nontrivial solutions u Z0
i Xy. Then L: Xy, — Yy is locally proper.

Lemma is easily extended to closed subspaces Xg C X}, Yy C Y4, of functions vanishing at
infinity: Fix an integer 2 < ¢ < k, and define

Xo = Xy, N CLQ), You = CE (@) n i3 (Q),
Yo = Yo % Yoo, Yoo = CF (T 0 O§H(T).

One easily checks that L: X, — Y}, restricts to a bounded linear operator Xy — Y. Moreover, since
Xo, Yp are closed subspaces, we can immediately prove the following:

Lemma A.9. Suppose that L: Xy, — Yy, is locally proper. Then L: Xog — Yy is also locally proper.

Proof. Let x,, € Xy be a bounded sequence with Lz, =y, — y in Yy. Since L: X}, — Y}, is locally
proper, we can extract a subsequence so that x, — x € Xy. Since Xy is a closed subspace, we have
z € Xop. ]

Next we turn to invertibility and Fredholm properties of L: Xg — Y. The first step is the
following lemma, which is proved using a translation argument (of the sort used to prove Lemma|A.8)).

Lemma A.10. Assume the homogeneous limiting problem Lu = 0 has no nontrivial solutions u Z0
in Xy,. Then L™Y(Yy) C Xo, i.e. if Lu = (f,g) € Yy for some u € Xy, then in fact u € Xo.

Proof. Suppose that Lu = (Au, Bu) = (f,g) € Yy for some u € Xy,. If u ¢ Xo, then there exists a
sequence (qn,pn) € 2 with |g,| — oo such that

¢

Z‘DTU(Qnapnﬂ >0
r=0

for some fixed 6 > 0. Consider the shifted functions

un(q,p) =w(g+qn,p),  fale,p) = f@+an,p),  9n(q) = 9(q+ an),
and the shifted operators
L, = (A, By),
Angp = a"(q+ gn, ) Dijeo + b'(q + G, 0) Dip + (g + Gn, D) P,
B = 0'(q+ qn) Dip + 11(q + ).
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Extracting a subsequence, we can assume that p — p* € [0, d]. Since |un [|cr+oq) = |[ullcrrea(q) < o0,
we can also extract a further subsequence so that u, — v in Cf (), where v € CS‘*‘“(Q). Since
f e C52(Q) and g € CS7MTY(T), we can assume that f, — 0 in CL 2(Q) and g, — 0 in
C’fozl(T). Finally, we can extract yet again so that Lyu, — Lv in C’lgo_cz(ﬁ) X Cfozl(T). Since

Lyun = (fnygn) — 0 in CfOZQ(Q) X Cfo_Cl(T), this means Lv = 0 and hence v = 0. But
l ¢
Z!D%(O,p*)] = lim Z|D’"u(qn,p*)\ >0,
r=0 oo r=0
so v # 0, a contradiction. O

Invertibility of L: Xg — Y is then an easy corollary:

Corollary A.11. Assume the homogeneous limiting problem Lu = 0 has no nontrivial solutions
u Z 0 in Xy, and that L: Xy, — Yy is invertible. Then L: Xg — Yy is also invertible.

Proof. Since Xy C Xy, L: Xy — Yj is clearly one-to-one. To see that it is onto, let y € Yy. Since
L: X}, — Y} is invertible, there exists x € X}, with Lz = y. By Lemma z € Xop. O

Similarly we can prove that the Fredholm index is preserved:

Lemma A.12. Assume that the limiting operator L: Xy, = Y, is semi-Fredholm with index v < 4o0.
Then L is semi-Fredholm with index v both Xy, — Yy, and Xo — Y.

Proof. Consider the family of operators L; = L+ t(L — L) fort €0 1]. For each t, L; is uniformly
elliptic and oblique with limiting operator L, so Lemmas and imply that L; is locally proper
Xp — Yp, and Xo — Y. Thus by the continuity of the index, L; = L has the same Fredholm index

as Lo = L, both Xy, — Y}, and Xg — Y. L]

Next we consider subspaces of even functions. Assume that A and B commute with the reflection
operator Su(q,p) = u(—q,p), and let X denote the subspace of X}, consisting of functions which
are even in ¢. Defining Y}, X, and Yy similarly, the following lemma is straightforward.

Lemma A.13. Under the above assumption, Lemmas|A.8, [A.9, |A.10, |A.19 and Corollary
remain valid if we everywhere replace Xy, by X¢, Yo by Y, and so on. The only exception is that
in Lemmas [A.§ |A.9, [A.10, and |A.12 we must in addition require that the homogeneous limiting
problem Lu = 0 have no nontrivial solutions u € Xy,

Lastly, we state two maximum principles in general unbounded domains. First, we recall the
following simple consequence of the strong maximum principle:

Lemma A.14. Let 2 C R” be a domain, possibly unbounded, and suppose that
Lu= aijDiju +b'Dju+ cu

is a uniformly elliptic operator, with a%,b' ¢ € C’g(ﬁ) and ¢ < 0. Ifu € C’g(ﬁ) satisfies u > 0 on
0, Lu <0 in Q, and

1in_1)inf|i|nf u(z) >0, (A.15)

then u > 0 in  unless u is constant.

Combining Lemma with the Hopf lemma, we can then easily prove the following:
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Lemma A.15. Let Q2 and L be as in Lemma and let T be a (relatively open) C* piece of 00
with outward-pointing normal v. Suppose that u € CE(Q) satisfies (A.15), Lu <0 in Q, u > 0 on
OO\T, and

d'Diu+ fu>0 onT, (A.16)
where d*, f € C°(T) satisfy d'v; >0 and f > 0. Then u >0 on QUT unless u is constant.

Proof. First we claim that u > 0. Suppose instead that M = infg u < 0. By the asymptotic condition
(A.15) and the maximum principle Lemma u must achieve M at some point z* € 0€). Since

u>0on 9N\ T, we must have * € T. Since z* is then a critical point of u|r, we have Du = %1/

at z*, so that (A.16) reads
diui%—kfuzO at x = z*. (A.17)
v

But the Hopf lemma implies %(x*) < 0, and by assumption d'v;, f > 0 and u(2*) = M < 0. Thus

the left hand side of is negative, a contradiction.

Since u > 0, the strong maximum principle implies v > 0 in 2. It remains to show that v > 0 on
T. Suppose that u(z*) = 0 for some z* € T. Then infgu = 0, so holds at z*, contradicting
the Hopf lemma as before. O
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