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LARGE-AMPLITUDE SOLITARY WATER WAVES WITH
VORTICITY*

MILES H. WHEELER'

Abstract. We provide the first construction of exact solitary waves of large amplitude with
an arbitrary distribution of vorticity. We use continuation to construct a global connected set of
symmetric solitary waves of elevation, whose profiles decrease monotonically on either side of a
central crest. This generalizes the classical result of Amick and Toland.
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1. Introduction. The classical water wave problem concerns a two-dimensional,
incompressible, inviscid fluid with unit density under the influence of gravity. At time
t the fluid occupies the region {(z,y) : 0 < y < n(x,t)} in the zy-plane; the bottom
y = 0 is an impermeable horizontal bed, while the top y = 7(z, t) is a free surface. The
velocity field (u,v) satisfies the incompressible Euler equations in the fluid domain,
and the pressure P is constant on the free surface. We ignore the effect of surface
tension.

We consider steady traveling waves with speed ¢ > 0, for which u, v, n, P depend
only z — ct and y. This allows us to eliminate time ¢ from the equations by switching
to moving coordinates (x — ct,y) — (x,y). In these coordinates the fluid region is

Dy, ={(z,y) e R*: 0 <y < n(x)}.
Solitary waves are traveling waves satisfying the asymptotic conditions
n—d, v—0, u—U(y) as ¥ — £oo,

uniformly in y. Here d > 0 is the asymptotic depth of the fluid and U(y) describes
the shear flow at x = +o0.
We will work with a one-parameter family of shear flows

(1.1) Uly) = c— FU"(y),

where F' is a positive dimensionless parameter and U* is a fixed positive function,
normalized so that

d dy - 1_ d dy
(1.2) 9) TrE = b ﬁ_g/o (c=U@)*

We call U* the relative shear flow at infinity and F' the generalized Froude number.
We call a wave supercritical if F' > 1 and subcritical if FF < 1. Local curves %loc of
small-amplitude supercritical solitary waves with F slightly bigger than 1 have been
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constructed by Ter-Krikorov [44], Hur [20], and Groves and Wahlén [18] (see section 4).
In this paper we will construct large-amplitude supercritical solitary waves.

We assume that uv < c¢ throughout the fluid, which in particular means there
cannot be any stagnation points (z,y) where (u,v) = (¢,0). These are points where
“stagnant” fluid particles are carried along with the wave. We call a solitary wave
symmetric if v and 1 are even in x, and v is odd in x. We call a symmetric wave
monotone if in addition n(x) is strictly decreasing for x > 0. We call a solitary wave
trivial if n = d, v =0, and u = U(y), and a wave of elevation if n(z) > d for all z € R.

We define a depth d* € (d, o0] in terms of the shear profile U* by

d *
(1.3) d* 2/ Ty)dy ) where Uj;, = min U*(y).
o VU ()? = (Uin)? y€(0.d]

This is the maximum depth of a family of trivial flows considered in section 2 which
generalize the one-parameter family U = ¢ — FU*. We remark that when U* = ay+0b
is linear so that the vorticity w = Fa is constant, we have d* = oo for ¢ = 0 and
d* < oo for a # 0.

Our main result is the following.

THEOREM 1.1. Fiz g,c,d > 0, a Hdélder parameter 8 € (O,%], and a strictly
positive relative shear flow U* € C?TP[0,d] satisfying the normalization condition
(1.2). Then, there exists a connected set € of solitary waves

(u, 0,1, F) € C2(Dy) x CYP(Dy) x C*FP(R) x (1, 00),

where F' determines the flow U at infinity via (1.1), with the following properties. €
contains the local curve Gioe. Each wave (u,v,n, F) € € is a symmetric monotone
supercritical wave of elevation with uw < c. In addition, one of the following three
alternatives holds:

(i) (Stagnation) There is a sequence of flows (Un, Vn, 1, Fr) € € and a sequence
of points (xn,yn) such that w, (T, yn) ~ ¢; or

(ii) (Large amplitude and Froude number) There exists a sequence of flows
(Un, Uy M, F) € € with both F,, /oo and lim, o, 1,(0) > d*; or

(iii) (Critical wave) There exists a solitary wave of elevation (u,v,n, F) in the
closure of € with critical Froude number F' = 1.

Alternative (i), stagnation, means that there are solitary waves in ¢ nearly vi-
olating our assumption v < c¢. We make no claim that v is simultaneously near 0.
Alternative (ii) means there are waves with an arbitrarily large Froude number and
whose maximum height approaches or exceeds d*. Note that, since waves in € are
symmetric and monotone, 7(0) = max7. Finally, alternative (iii) guarantees the ex-
istence of a solitary wave of elevation with a critical Froude number. It is an open
question if there exist relative shear flows U* for which alternatives (ii) or (iii) actually
occur.

As for regularity, it is known that the streamlines of each wave in 4 are analytic,
except possibly for the free surface y = n(x) [22]. Moreover, if U* has the additional
regularity U* € C**5 for k > 3, one can construct a continuum % of solutions with
the additional regularity u,v € C*~'*# and n € C*¥*#. For simplicity, in this paper
we will restrict ourselves to k = 2.

We now specialize Theorem 1.1 to the irrotational case where U* = \/gd is con-
stant. Since symmetric monotone supercritical solitary waves have F' < 2 [3], alterna-
tive (ii) cannot occur. Moreover, there are no nontrivial waves with a critical Froude
number [28, 33], so alternative (iii) cannot occur either. Thus alternative (i) holds.
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For irrotational and symmetric solitary waves, u is always maximized at the crest
(0,7(0)), so we must have

un(0,7,(0)) — ¢

for some sequence (U, Vn, Mn, ) € €. This recovers a result of Amick and Toland,
part (c) of Theorem 3.9 in [3].

Small-amplitude irrotational periodic waves were first constructed in the 1920s by
Nekrasov [37] and Levi-Civita [31] using conformal mappings and power series expan-
sions. Such conformal mappings are only available in the irrotational case. In 1934,
Dubreil-Jacotin [12] devised a nonconformal coordinate transformation which permits
the construction of small-amplitude periodic waves with vorticity. Subsequently, the
existence of small-amplitude periodic waves has been reformulated as a bifurcation
problem. This method relies heavily on compactness or Fredholm properties of the
linearized operator. The periodic waves in all the above references are subcritical.

Constructing small-amplitude solitary waves is much more difficult. The domain
is not bounded, and the linearized operator is nonFredholm, so we no longer have a
standard bifurcation problem. Solutions were constructed as long-wavelength limits
of periodic waves [30, 43] and using an iteration method [15]. Beale [4] used a Nash—
Moser implicit function theorem, and Mielke [36] used spatial dynamics methods,
reformulating the water wave problem as an evolution equation with the horizontal
variable x playing the role of time and performing a center-manifold type reduction to
a two-dimensional equation. All of these constructions involve some sort of rescaling
of the horizontal variable x.

As in the periodic case, the presence of vorticity complicates the construction
of small-amplitude solitary waves, in particular by preventing the use of conformal
mappings. For formal results see [5, 7, 14]. The first rigorous construction is due
to Ter-Krikorov [44]. Later Hur [20] generalized the methods of [4], and shortly
thereafter Groves and Wahlén [18] gave an alternate proof using spatial dynamics
methods. The solitary waves in all of the above references (rotational and irrotational)
are supercritical. Although irrotational symmetric monotone waves of elevation are
necessarily supercritical [33], this is not known in general.

We will construct large-amplitude solitary waves with vorticity by continuing from
waves with small amplitude. This construction, however, requires more information
about small-amplitude waves than is given in [20] or [18]. Most importantly, we need
to show that certain linearized operators are invertible. Compared with [20], [18] gives
a more detailed description of the solutions, identifying them with the homoclinic or-
bits of a two-dimensional reduced equation. In order to prove invertibility, we linearize
each step of the reduction in [18], analyze the linearization of the reduced equation,
and reverse the various changes of variable. We also show that these small-amplitude
solitary waves are the unique such waves with nearly critical Froude number.

Large-amplitude irrotational periodic waves were first constructed by Krasovskii
[29]. Keady and Norbury [24] later used the global bifurcation theory of Rabinowitz
[41] to obtain a connected set of solutions. Toland [45] and McLeod [34] showed that
this continuum of solutions contained a wave with a stagnation point at its crest,
proving the celebrated Stokes conjecture [42]. In the case of vorticity, Constantin
and Strauss [9] constructed large-amplitude waves including a sequence of waves ap-
proaching stagnation in that sup u,, " ¢. While the maximum value of u must occur
at the crest for irrotational waves [45], numerical evidence implies that this is not
always the case with vorticity [27]. Because of the vorticity, Constantin and Strauss
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cannot reduce the water wave problem to an integral equation on the boundary as
in all the irrotational papers. Instead, they apply the Dubreil-Jacotin transforma-
tion, obtaining a nonlinear elliptic boundary value problem with a fully nonlinear
boundary condition. In order to extend a local curve of small-amplitude solutions,
they use global bifurcation theory, which is based on topological degree arguments.
Because of the nonlinear boundary condition, they use a degree developed by Healey
and Simpson [19] instead of the usual Leray—Schauder degree.

Large-amplitude solitary waves are much more difficult to construct than large-
amplitude periodic waves. As with the small-amplitude problem, this is due to the
unboundedness of the domain and the non-Fredholmness of the linearized operator.
In addition to preventing the use of a Lyapunov—Schmidt argument, this singular
behavior is an obstruction to defining a topological degree. The construction of large-
amplitude irrotational solitary waves is due to Amick and Toland [2, 3]. In order to
get around the above obstruction, they apply the usual global bifurcation theory to
a sequence of approximate problems. Taking weak limits, they then construct a con-
nected set of solitary waves, including waves which are arbitrarily close to stagnation
at their crests. In [2], the approximate problems are periodic water wave problems
with increasing wavelengths. Both papers make use of conformal mappings to reduce
the solitary water wave problem to a Nekrasov-type integral equation on the free sur-
face. Large-amplitude solitary waves are also constructed in [6]. Until now, there has
been no existence theory for large-amplitude solitary water waves with vorticity. The
problem can no longer be reduced to an integral equation on the free surface, and the
method of approximate problems seems not to work.

Our approach to constructing large-amplitude waves is quite different from [2, 3]
and does not involve approximate problems. As in [9], the main ingredient is the
topological degree. In order to avoid the singular behavior at F' = 1, we work with
waves whose Froude number is uniformly supercritical, say F' > 1 4+ ¢ for some small
parameter § > 0. This restriction is helpful because the linearized operators with
F > 1 are Fredholm with index 0. We also need to verify a crucial compactness
condition called local properness, and for this we work in weighted Holder spaces and
use results of Volpert and Volpert [48] for general elliptic problems in unbounded
domains. Because the degree is only defined for F' > 1, we need an alternate theory
for small-amplitude waves, and this is where we use the methods and results of [18].
For § sufficiently small, we first find a nontrivial solitary wave with F' > 1 4+ ¢ whose
associated linearized operator is invertible. Then we use our topological degree to-
gether with a continuation argument in the spirit of Rabinowitz (see [26] and [41]) to
obtain a global continuum of solutions with F' > 1+ 4. Theorem 1.1 is finally proved
by sending § — 0 and analyzing the various alternatives.

In section 1.1, we perform the Dubreil-Jacotin transformation, which, under
our no-stagnation assumption u < ¢, transforms the solitary water wave problem
into an elliptic boundary value problem for a function w(z,s) in the infinite strip
Q=R x (0,1). We use the divergence formulation first introduced in [10], and the
dimensionless variables from [18]. The equation is quasilinear with a fully nonlinear
boundary condition on the upper boundary of €2. Using these variables, we define the
global continuum %, making precise the sense in which it is connected. We also state
Theorem 1.3, which is a more precise version of Theorem 1.1.

In section 2, we derive several properties of solitary waves with u < ¢. First,
we introduce a standard family of trivial flows. The maximum depth of these flows
is the depth d* > d appearing in Theorem 1.1 and defined in (1.3). Using a max-
imum principle argument to compare solitary waves to these trivial flows, we show
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that all nontrivial solitary waves with F' > 1 are waves of elevation. This answers a
question raised in [21] and implies that all nontrivial supercritical solitary waves are
monotone symmetric waves of elevation. The converse, that symmetric and mono-
tone waves of elevation are supercritical, is known in the irrotational case [33] but
not in general. A similar maximum principle argument shows that F' can be bounded
above by a constant depending only on U* and the maximum height max», provided
d < maxn < d*. Similar bounds and elevation, symmetry, and monotonicity prop-
erties were shown by Craig and Sternberg in the irrotational case [11]. Finally, we
prove an equidecay property for certain families of supercritical solitary waves, which
is new even for irrotational waves. We use an invariant sometimes called the flow force
together with the above monotonicity result, a lower bound on the pressure [46], and
a translation argument inspired by [39]. Similar arguments may be useful in studying
monotone solutions to other problems in infinite cylinders.

In section 3, we formulate the solitary water wave problem as a nonlinear opera-
tor equation. When the Froude number is uniformly bounded away from 1 and +o0,
we show that this nonlinear operator has all of the properties necessary to define the
topological degree, which we will do in section 5. This is more subtle than in the
periodic case because of the unbounded domain, which causes a loss of compactness.
Though the necessary lemmas are nonstandard, they are relatively straightforward
to prove, depending essentially only on the domain, ellipticity, and the divergence
structure of the equation. Since we will need similar results again in section 5, we
defer many of these lemmas to Appendix A. In section 3.2, we show that the lin-
earized operators are Fredholm of index 0 when F' > 1, and we analyze their spectral
properties in section 3.3. In section 3.4, we show that the nonlinear operator satisfies
a compactness condition called local properness. Here we use an argument from [48]
that requires a weight o as © — +o0o. The weight function o is assumed to be smooth,
to have 0 — 0o as * — £o0, and to satisfy a subexponential growth condition, but is
otherwise arbitrary. It is worth emphasizing that section 3.4 is the only place in the
paper where weights are truly essential. The weight function o is left arbitrary in the
bulk of the paper but is eventually fixed in sections 5.6 and 5.7.

In section 4, we study small-amplitude solitary waves using the methods and re-
sults of [18]. Our main result is that the operators obtained by linearizing about
these solutions are invertible. In section 4.1, we perform the various changes of vari-
able which transform the water wave problem into an evolution equation with x
playing the role of time. This is the only place where the assumption 8 < 1/2 in
Theorem 1.1 is convenient. In section 4.2, we consider the linearized problem and
prove an exponential-dichotomy type result. In section 4.3, we exhibit the construc-
tion of a two-dimensional center manifold containing all small bounded solutions and
consider the reduced two-dimensional equation on this manifold. This is a reduction
analogous to the Lyapunov—Schmidt method for bifurcation problems. In each of
the above steps we need a more detailed description than is provided by [18], and in
particular more information concerning the various linearized problems. Combining
this information with an elementary fact about homoclinic orbits of two-dimensional
equations, we prove the desired invertibility in section 4.4. Finally, we use the reduced
system together with the elevation result from section 2 to conclude that there is a
unique small-amplitude solitary wave for each Froude number slightly greater than 1.

Section 5 is devoted to the proof of Theorem 1.1. In section 5.1, we define a
weighted continuum %€ C % of solutions depending on a weight function ¢ to be cho-
sen later and a small parameter § > 0. In section 5.2, we use the invertibility results of
section 3 and 4 to analyze the connectedness properties of € and 2. In section 5.3,
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we define the Healey—Simpson degree for the nonlinear operator introduced in sec-
tion 3. In section 5.4, we apply a degree-theoretic “global implicit function theorem”
[26] near one of the small-amplitude solutions in %o, again using the invertibility
from section 4. We are left with several possibilities for the weighted continuum €2°:
either it is unbounded, or it contains new waves whose Froude number F' is §-close
to 1 or +oo. If ‘Kf is unbounded, then, letting w be the function defined in sec-
tion 1.1, there is a sequence in €2 with ||ow, | c2+s — co. In section 5.5, we reduce
this condition to one involving fewer partial derivatives. This is done by combining
regularity results for fully nonlinear elliptic problems due to Lieberman [32] with the
weighted Schauder estimates from Appendix A and the lower bound on the pressure
from section 2. In sections 5.6 and 5.7, we assume that alternative (i) of Theorem 1.1,
stagnation, does not hold, and apply the equidecay result from section 2 to construct
a weight function o for which |[ow||g2+s is uniformly bounded along the unweighted
continuum %. We then send § — 0 and address the remaining possibilities, that the
Froude number F' might approach 1 or +o00. For large F', we apply the lower bound
on the maximum height from section 2 to obtain alternative (ii), while for F' near 1
the uniqueness result from section 4 leads to alternative (iii).

Appendix A is a collection of lemmas on linear and nonlinear elliptic problems
in unbounded domains (infinite strips in particular) which are used throughout the
paper. We prove Schauder-type estimates as well as local properness and invert-
ibility properties in both weighted and unweighted Holder spaces. To prove local
properness, we use ideas from [48], which considers general elliptic systems in gen-
eral unbounded domains. In particular, we introduce the notion of so-called limiting
problems obtained by sending the horizontal variable x — o0 in the coefficients. For
the reader’s convenience, we provide greatly simplified proofs of some results in [48]
in our more restricted setting.

1.1. Reformulation. Let Q C R™ be a domain, possibly unbounded. We say
that ¢ € C®(Q) if ¢ € C°°(2) and the support of ¢ is a compact subset of Q.
Similarly ¢ € C(Q) if ¢ € C*°(Q) and the support of ¢ is a compact subset of Q.
For k € N and 8 € [0,1), we denote the C**# Holder norm of a function u on Q by
|ulktp,0. When Q is clear from context, we will simply write |u|x+g. We say that
u € CHB(Q) if |pulryp < oo for all ¢ € CX(Q), u € C*A(Q) if |pulprs < oo for
all p € CX(Q), and u € CSJFB(Q) if |ulk+p < 0o. We say that u,, — u in C{g'g(ﬁ) if
lo(tn — u)|krp — 0 for all p € CZ(Q).

Having eliminated time ¢ through the change of variables (z — ct, y) — (z,y), the
velocity field (u,v) satisfies

(14a) (u—c)ug +vuy = —Py, (u—c)vy +vvy = —Py — g, Uy + vy =0
in the fluid domain D, together with the boundary conditions

(1.4b) v=0 ony =0, v=(u—c)n: ony=n(x), P = Pyt on y =n(x)
and the asymptotic conditions

(1.4c) n—d, v—=0, u—=Uly)=c—FU"(y) as ¢ — Fo0,

uniformly in y. Here Pty is the (constant) atmospheric pressure, g > 0 is the
gravitational constant of acceleration, d is the asymptotic depth, ¢ > 0 is the wave
speed, U* > 0 is the relative shear flow at infinity, and F' > 0 is the generalized
Froude number.



LARGE-AMPLITUDE SOLITARY WAVES WITH VORTICITY 2943

Our first step is to eliminate the pressure by introducing the (relative) stream
function v, defined by

ww = -0, djy =u—=c, ¢($70) =0.
The assumption v — ¢ = 9, < 0 guarantees [9] that
W=y — Uy = —A =7(¢)

for some function v called the vorticity function.
In terms of v, v, and 7, (1.4) can then be rewritten as

A = —(2) in 0 <y <n(w),
P =0 ony =0,
(1.52) v=m on y = (),

sIVOPP +gln—d)=5  ony=n()
together with the asymptotic conditions
(1.5b) n—d, Y,—0, ¢, ——-FU"(y) as ¥ — oo,

uniformly in y. Here (as can been seem from (1.5b)) the flux m < 0 and Bernoulli
constant A appearing in (1.5a) are given in terms of the relative shear flow U* at
infinity and Froude number F' by

d
(1.6) m=F [ Uy A= EU @)
0
and the vorticity function + is given in terms of U* and F' by
y
(1.7) v(=s) = FU, (y), where s = F/ U*dy'.
0

This last definition (1.7) makes use of the fact that s is strictly increasing as a function
of y, running from 0 to —m.
Following [18], we define the dimensionless variables

o1 S 1 &2
(z,9), n(w)ZEn(x% w(%y):ww(x,y), (@) = =),

Im|

SN

(1.8) (2,9) =

where we have rescaled lengths by d and velocities by |m|/d. In these variables (1.5a)
becomes

AY = —5() in 0 <y <7(z),
15 =0 on g =0,
(1.92) p=-1 on § = ii(2).
1_ - - " - aa
§|V1/’|2+0<(77—1) =3 on §j = 7(Z),
and the asymptotic condition (1.5b) becomes
U (gd)d

(1.9b) ¥z — 0, n—1, Vy(E,7) — as & — 00,
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uniformly in ¢, where « is the rescaled gravity and p is the rescaled Bernoulli constant,

-2

gd®  gd® /d «
1.1 =" == U*d
( 0) @ m?2 F? o Y )

2 d
p= 0 = P @) ( / U dy>

The asymptotic condition (1.9b) and ¥ (Z,0) = 0 imply

-2

= odg U~ (y) dy

D(E,G) — U(F) = — as & — +00,
S U= (y) dy

uniformly in g.
The critical value a@ = «; corresponding to F' = 1 is given by

-2
d

(1.11) Qer = gd? (/ U~ dy)
0

with @ <1 for F' > 1 and a > 1 for F' < 1. The dimensionless vorticity function ¥ is
given implicitly in terms of the relative shear flow U* at infinity by

= 4a y(y) ) where §= 7]0(1 y

Jo Urdy Jo U*dy
In Theorem 1.1, g,d, U* are fixed while F is a parameter. Looking at (1.10)—(1.12),
we see that y,7 are fixed, while « is proportional to 1/F2. This is an advantage over

the original dimensional variables, where A and ~ both depended on F'.
We next apply the Dubreil-Jacotin transformation [12]. Setting

(1.12) F(=3)

we treat (Z,5) € R x (0,1) as independent variables and h(Z,5) as the dependent
variable, transforming the domain of the problem into the (fixed) infinite strip 2 =
R x (0,1). In these new variables (1.5) is equivalent to [9]

izgz 1+ h2
1.14a — | - —L ] +3(-5) =0 0<3§<1,
| ) <h5>5c < 203 )5 e

1+h? . [V

(1.14b) e toh-1)=5 E=1,
(1.14c) h=0 5=0,
together with the asymptotic condition
(1.14d) h(%,5) — H(5), hz —0, hs— H; as & — +00,

uniformly in §. The asymptotic height function H is the solution of the differential
equation

d
U*d _
o Utdy gy,

) = == =
VT (HG) U AG)dD
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and satisfies H(1) = 1. This can be seen, for instance, from the equivalent definition

H(3)d d
(1.15) / U*dyzé/ U™ dy.
0 0

The divergence form of (1.14) first appeared in [10]. We emphasize that the physical
shear flow U(y) = ¢ — FU*(y) represented by H depends on the Froude number F,
even though the formula (1.15) does not. The dimensionless height function h is
related to the original variables w, v, m,d by

Lo ml 1 Va(#,5) _ v(a,y)
g(ﬂi,y) d c—u(x,y)’ g(i,gj) U(ﬁ,y)—cl

In particular, our assumption u — ¢ = 9, < 0 is equivalent to hs > 0, so the quotients
appearing in (1.14) are well defined. For h € C2(Q2), we will show in section 3.1 that
infq hs > 0 implies that (1.14a) is uniformly elliptic and that the boundary condition
(1.14Db) is uniformly oblique. This is a major advantage of the divergence formulation
[10] over the nondivergence formulation, in which an extra condition is needed to
ensure obliqueness [9].

To simplify notation we will from now on drop the tildes on dimensionless vari-
ables. Since we will often be interested in the rates of decay in (1.14d), we define

(1.17) w(z,s) := h(x,s) — H(s)

and work with w instead of h. Similarly, since small-amplitude waves have « close to
¢y and less than ac,, we work with

(1.18) ¢ = e — .

Thus ( is positive for supercritical waves and negative for subcritical waves, and the
small-amplitude waves constructed in [18, 20] have ¢ small and positive. Since o > 0
(see its definition (1.10)), we will always assume ¢ < ae,.

We ultimately formulate the solitary water wave problem in terms of ({,w). The
nonlinear equations (1.14a) and (1.14b) become

Wy 1+ w? _
(1.19a) <m)r+ <—m)s+"/(—8)—0 0<s<l,
1+ w? U
1.19b — or — =— =1.
(1.190) S e Ou=b s

The remaining conditions that we place on (¢, w) are

(1.19¢) ¢ < s

(1.19d) w=0ons=0,

(1.19¢) we CFP(Q),

(1.19f) w, Dw, D*w — 0, as © — +00,
(1.19¢g) iréf(Hs +ws) >0,
(1.19h)

1.19h

w is even in x.
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|w8|0

Fic. 1. The three alternatives in Theorem 1.3.

The first condition (1.19¢) enforces the positivity of av (defined in (1.10)), while (1.19d)
is (1.14c). The asymptotic condition (1.19f) is a stronger version of (1.14d) also
involving second derivatives, (1.19g) enforces hs > 0, and (1.19h) enforces symmetry.

From now on, we will refer to a pair (¢,w) satisfying (1.19) as a solitary wave.
We call (¢, w) supercritical if ¢ > 0, trivial if w = 0, a wave of elevation if w(z,1) > 0
for all x € R, and monotone if w, < 0 for z > 0. We will see in the proof of
Proposition 1.4 below that this terminology is consistent with our earlier definitions
in terms of (u,v,n, F).

DEFINITION 1.2 (global continuum). The set .7 of supercritical waves is

S ={(¢,w) : (¢, w) satisfies (1.19), 0 < ¢ < ae: },

which we view as a subset of R x O§+ﬁ (). The global continuum € is the connected
component of % in R x C§+ﬁ(§) containing the local curve Gloe of small-amplitude
solutions.

We note that . contains trivial solutions (¢,0) with ¢ > 0. We will show in
section 5.2 that € contains only nontrivial solutions w # 0.

We now show that Theorem 1.1 is implied by the following theorem in the (¢, w)
variables, whose alternatives are illustrated in Figure 1.

THEOREM 1.3. Fix g,c,d > 0, a Hdélder parameter 8 € (O,%], and a strictly
positive relative shear flow U* € C?TP[0,d] satisfying the normalization condition
(1.2). Defining the global continuum € as above, all solutions ((,w) € € satisfy
w(z,1) >0 for v € R as well as w, <0 forx >0 and 0 < s < 1. In addition, one of
the following three alternatives holds:

(i) SUP(g,w)e%|ws|0 = 00y
(i) sup(¢wyew ¢ = Qer; O

(iii) there exists a solution (0,w) in the closure of € with w(x,1) >0 for z € R.
If alternative (ii) holds, then there exists a sequence ((,,wy,) € € with both ¢, — Qer
and

nh_)n;own((), 1) >d*/d—1.

PRroPOSITION 1.4. Theorem 1.3 implies Theorem 1.1.

Proof. We reintroduce the notation (1.8) to differentiate between dimensionless
and dimensional versions of x,y,n, h,1. Recall that lengths are rescaled by d and
velocities by |m|/d. The proof that solutions ({, w) of (1.19) yield solutions (u, v,n, F)
of (1.4) with u < ¢ is nearly identical to the one found in [9] and is omitted.

Suppose that (¢,w) € € corresponds to a solitary wave (u,v,n, F'). Combining
(1.10), (1.11), and (1.18), we get

Qer 1/2
(1.20) F= (acr —C) :
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where we recall that a., > 0 is fixed and given in (1.11). Thus the condition
0 < ¢ < . appearing in the definition of . (and hence the definition of €) is equiv-
alent to supercriticality 1 < F' < co. Next we use (1.13) and (1.17) together with the
scaling (1.8) to get

(1.21) n(z) = d(1 + w(i,1)).

Thus w(Z,1) > 0 for all € R is equivalent to (u,v,n, F) being a wave of elevation,
n(z) > d for x € R. Similarly, w, < 0 for x > 0 and 0 < s < 1 implies the
monotonicity of (u,v,n, F), n, < 0 for x > 0.

Combining (1.16) (which follows from (1.13)) and the scaling (1.8), we find

d 1 1
1.22 —(c — u(z, = = = — ,
(22 |m|( @ 9) hs(z, 3) 5(3) + ws(z, 3)
d oo ha(@s) o wa@s)
Im| (=.v) hs(#,3)  Hs(3) + ws(, 5)

Thus the evenness of w in , (1.19h), is equivalent to the symmetry of (u,v,n, F).
Using the definition (1.6) of m, we find

d d Cy

im| Ffod U*(y) dy F
for some positive constant Cy. Thus (1.22) can be rewritten

Cy 1
1.23 Le—ulzy) = — .
1) P e
Assume that alternative (ii) holds in Theorem 1.3. Then there exists a sequence
(Cnywp) € € with ¢, 7 aer and limy, o0 w, (0,1) > d*/d — 1. Letting (ty, Un, P, Fr)
be the corresponding solitary waves, we have from (1.20) that F,, — oo, and from
(1.21) that

lim 7,(0) =d (1 + lim w,(0, 1)) >d*.
n— oo n— oo
Thus alternative (ii) holds in Theorem 1.1.

Now suppose that alternative (iii) holds in Theorem 1.3. Then there exists a
solution (0,w) in the closure of ¢ with w(z,1) > 0 for all x € R. From (1.20) we
see that the corresponding wave (u,v,n, F) has F = 1, and from (1.21) we see that
n(x) > d for all € R. Thus alternative (iii) of Theorem 1.1 holds.

Finally, suppose in Theorem 1.3 that alternative (i) holds while alternative (ii)
does not hold. Then sup ¢ ,yex ¢ < der- By (1.20), solitary waves (u,v,n, F') corre-
sponding to (¢,w) € € have F > § for some uniform ¢ > 0. Now we use (1.23). Since
H is fixed, alternative (i) in Theorem 1.3 means that there exists a sequence of waves
(Un, U, M, Frn) in € and points (z,, y,) with

a

7 (¢ — un(Tn,yn)) = 0.

But F,, > ¢ for each n, so this can only happen if u,(z,,y,) — ¢, which is alterna-
tive (i) of Theorem 1.1. O
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In the remainder of the paper we eliminate the shear profile U* in favor of the
vorticity function «. It is customary [9, 18, 20] to define

(1.24) I(s) = —/ v(=t)dt,  a(s) =i+ 20(s).

The constant y is then the unique solution to

(1.25) /1L—1
' o Vp+2r

and the critical value a., of a and asymptotic height function H are given by

1 s
(1.26) ! :/0 a(s)™3 ds, H(s):/O a(t)~!dt.

acr

Finally, the depth d* defined in (1.3) is given by

(1.27) Fmin = min I'(s).

1
el
0 2F(S) — 2 min s€[0,1]

The formulas (1.24)—(1.27) can be derived from our earlier definitions. In particu-
lar, while the existence of u satisfying (1.25) places a restriction on +, it does not
involve any additional restrictions on the relative shear flow U*. We observe that the
regularity U* € C?*50, d] assumed in Theorem 1.1 implies

yeC*P-1,0,, T,acC?P)0,1], HeC*’,1].

2. Elevation, bounds, and decay. This section is devoted to the proofs of the
following five propositions. See (1.20) and (1.21) for the relationship between w, 7,
F, and C.

PROPOSITION 2.1 (elevation). Every nontrivial solitary wave with F > 1, not
necessarily symmetric, is a wave of elevation. More precisely, if ((,w) is a nontrivial
solution of (1.19a)-(1.19g) with ¢ > 0, then w(x,1) > 0 for all x € R, and w > 0
in Q.

PROPOSITION 2.2 (symmetry and monotonicity). Fvery nontrivial supercritical
solitary wave is symmetric and monotone. More precisely, if ((,w) is a solution of
(1.19a)—(1.19g) with ¢ > 0 and w # 0, then, after a translation in x, w is even in x.
Moreover, w, <0 forz >0 and 0 < s < 1.

PROPOSITION 2.3 (upper bound on Froude number). If the maximum height
maxn of a solitary wave, not necessarily supercritical, satisfies d < maxn < d* < oo,
then the Froude number F is bounded above by a constant C' depending only on U* and
maxn. More precisely, let ((,w) be a nontrivial solution of (1.19a)-(1.19g) with no
sign condition on (. If d* < co and maxw(z,1) < d*/d—1, then ae — ¢ > C, where
the constant C > 0 is independent of ({,w). If d* = 0o and maxw(z,1) < M < oo,
then ae — ¢ > C, where the constant C > 0 depends only on M.

PROPOSITION 2.4 (bounds on first derivatives). Let ({,w) be a solitary wave with
¢ > 0. Then there exist constants 6., M > 0 depending only on v so that

igf(Hs +wg) > by, |wzlo < M (1 + |ws]o).
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PROPOSITION 2.5 (equidecay at infinity). Let # be any collection of supercritical
solitary waves ({,w) for which

sup |wl|aqp < oo.
Cw)ew

Then W has the equidecay property

lim sup sup |w(zx,s)| =0.
TIER (Cw)ew sef0.1]

Propositions 2.1-2.3 are proved in the irrotational case by Craig and Sternberg
[11] but are new for waves with an arbitrary distribution of vorticity. Proposition 2.2
follows from Proposition 2.1 and a theorem from [21], and Proposition 2.4 is a conse-
quence of a lower bound on the pressure [46]. Proposition 2.5, on the other hand, is
new even in the irrotational case.

In section 2.1, we will introduce a family H(s;v) of trivial flows, that is, -
independent solutions of (1.14a) and (1.14c). We will then prove Propositions 2.1
and 2.3 in section 2.2 by applying maximum principle arguments to h — H(s;v) for
various values of v. In section 2.3, we will prove Proposition 2.4 using a maximum
principle argument [46] involving the pressure. Finally, in section 2.4 we will prove
Proposition 2.5 using Propositions 2.2-2.4 and a translation argument.

2.1. Trivial flows. In this section we are interested in solutions h of (1.14a) and
(1.14c) which are independent of x. These represent horizontal laminar flows with
constant depth and are solutions of

(21) <_T]&S)2> + ’)/(_S) =0, h(O) =0.

All solutions of (2.1) with hs(s) > 0 on [0, 1] are of the form

h(s) = H(s;v) := /OS a(t;v)~Ldt, where a(s;v) := /v +2I'(s),

for some v > —2T",;,. The functions H(s;v) and a(s;v) generalize the functions H(s)
and a(s) from section 1.1: a(s; u) = a(s) and H(s;u) = H(s). The depth d* € (d, ]
is the maximum depth of these trivial flows,

d*=d-supH(l;v) =d- H(1; —2T 1in)-

The functions H(s;v) play a similar role in our analysis to the linear comparison
functions in [11], which considered the irrotational case.

We will need the following lemma concerning the flows H(s;v) when proving
Proposition 2.1.

LEMMA 2.6. Define A: (—2T'1pin, 00) — R by

1 v H v
Aw) =2 1T-H L) H
Qer V= [.

Then A is C' and strictly increasing. Moreover, if d* = oo, then lim,| _or,, A(v) =
0, and if d* < oo, then lim,|_op,, A(v) > 0.
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Proof. Differentiating under the integral, we see that H(1;v) is a strictly decreas-
ing and strictly convex function of v € (—2T'in, 00). Relating A(v) to a difference
quotient of H(1;v), we deduce that A is strictly increasing for v # u. Computing

1 [t 1
0

d
( ’I/) v=p 2 20[“’

dv

we also find that lim,_,, A(v) = ac. Finally, if d* < +oo, then p > —2T',;, and
d* > d imply

—H _12Pmin+u

1
lim A(y)= lim = =
S A= M T HMY) 2 djd-1 %
while if d* = 400, we obtain lim, | or,,, A(v) =0. O

In the irrotational case we have 1 = ae, = 1 and a(s;v) = /v, from which one
can easily compute A(v) = (v ++/v)/2. Explicit formulas are also available when the
vorticity is constant.

2.2. Bounds on the free surface profile. In order to prove Propositions 2.1
and 2.3, we will use the following consequence of the usual maximum principle.

LEMMA 2.7. Let 2 = {(z,y) € R?> : 0 < y < f(z)}, where f is a continuous
function with limits as x — 400, and suppose that

is a uniformly elliptic operator with a,b' € CX(2). If u € C}(2) satisfies u > 0 on
09, Lu <0 in 2, and

limsup sup wu(z,y) >0,

|lz| =00 0<y<f(x)
then u > 0 in 9.

Proof. See, for instance, Theorem 19 in [38]. a

Proof of Proposition 2.1. Suppose that ({,w) is a nontrivial solitary wave with
¢ > 0. For convenience we work with the variables o = a; — ¢ and h = H(s; p) + w,
which satisfy o < aer and h Z H(s; p).

First we claim that h(z,1) > 1 for all # € R. Assume the contrary. Then, since
h(z,1) — 1 as ¢ — 400, h(z,1) must achieve its minimum value at point z = .
Since H(1;v) is a decreasing function with H(1; ) =1 and H(1;v) — 0 as v — oo,
there exists a unique v > p such that h(xg,1) = H(1;v) < 1. Define

o(z,s) := h(z,s) — H(s;v).
A direct computation shows that ¢ satisfies
(2:2) (14 B2)pss — 2hshe@rs + B2 @ua + b1ps + baps =0,
where
by = —vHy(5;0)°ps, by =3yHs(s;v)" + 3y Hs(s;v)ps + 795,

By assumption, Ay > 0 in Q. Since hy — Hg(s;u) as @ — too, and Hg(s;p) is
uniformly bounded away from 0, we deduce hs > § > 0 for some 6 > 0. Thus (2.2) is
a uniformly elliptic equation for ¢; indeed, its highest order coefficients satisfy

(1+B2h2 — 1202 = B2 > &%



LARGE-AMPLITUDE SOLITARY WAVES WITH VORTICITY 2951

By construction, ¢ > 0 on s =1 and ¢ =0 on s = 0. Since v > p, (1.14d) implies

: — . _ . >
wgrfoo@(x,s) H(s;pu) — H(s;v) >0,

uniformly in s. Thus the maximum principle Lemma 2.7 implies ¢ > 0 in Q.
Since ¢(xp,1) = 0 and ¢ # 0, the Hopf lemma implies

(2.3) ws(xo,1) = hs(zo,1) — Hs(1;v) <0

and hence that hg(zg,1) < v~%2. On the other hand, since h,(rg,1) = 0 and
h(zo,1) = H(1;v), the nonlinear boundary condition (1.14a) for h at (zg, 1) gives

(2.4) m Fa(H(w) -1 =4

Combining (2.3) and (2.4) and rearranging we find

1 vV—Lu
S TTHLy W)

where we have used that H(1;v)—1 < 0. Since v > p, Lemma 2.6 implies o« > A(v) >
Qr, contradicting our assumption « < ag,. Thus h(z,1) > 1 for all z € R.

Since h(z,1) > 1, w = h(z,s) — H(s; ) satisfies w > 0on s =1 and w = 0 on
s = 0. Applying the maximum principle as before, we conclude that w > 0 in Q.
Thus w > 0 in Q by the strong maximum principle. Now we show that w(z,1) > 0
for all x € R. Assume for contradiction that w(xg,1) = 0 for some zy € R. Since
w > 0in Q and w # 0, we can apply the Hopf lemma to obtain

(2.5) wy (w0, 1) = hs(x0,1) — p~ % < 0.

On the other hand the boundary condition at (zg, 1) gives 1/2h2(z9,1) = p/2, con-
tradicting the strict inequality in (2.5).

We now explain the sense in which the less precise statement in Proposition 2.1
holds. Suppose (u,v,n, F') is a nontrivial solitary wave corresponding to a solution
(¢,w) of (1.19), and that ' > 1. From (1.20) we see that { > 0. Since (u,v,n, F)
is nontrivial, w # 0, so the above argument implies w(z,1) > 0 for all z € R,
which by the proof of Proposition 1.4 is equivalent to (u,v,n, F) being a wave of
elevation. d

To prove Proposition 2.2, we use the following theorem from [21].

THEOREM 2.8. Let ({,w) solve (1.19a)—(1.19¢) with ¢ > 0. If w(z,1) > 0
for all x € R, then w(x,s) is symmetric in x. That is, there exists xo such that
w(x,s) = w(2xg — x,5) for all (x,s) € Q. Moreover, w(x,s) monotonically decreases
on either side of x = xg, wy(x,s) <0 forxop <x < oo and 0 < s < 1.

Proof of Proposition 2.2. Since (¢,w) is a supercritical wave, by Proposition 2.1
it is also a wave of elevation. Thus by Theorem 2.8, w has the desired monotonicity
properties. By the proof of Proposition 1.4, this implies symmetry and monotonicity
in the (u,v,n) variables. O

Proof of Proposition 2.3. For convenience we work with the variables o = a¢, — ¢
and h = H + w. Suppose that ({,w) is a nontrivial solitary wave with

0 <maxw(z,1) <M <d*/d—1.
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Then we can find
_2Fmin <vy Sv< H

so that maxh(z,1) = H(1;v) and M = H(1;vas), where the functions H(s;v) were
defined in section 2.1. Since h is an increasing function of s and h(z,1) — 1 as
x — +00, we have maxq h = h(xg, 1) for some point (xg,1) on the upper boundary.
We now apply the maximum principle as in the proof of Proposition 2.1. The function
o(z,s) := h(z,s) — H(s;v) satisfies the elliptic equation (2.2) to which the maximum
principle applies. By construction we have ¢ < 0on s =1and ¢ =0on s = 0.
Moreover, by (1.14d),

lim o(z,s) = H(s;p) — H(s;v) <0.

z—+o0

Thus the maximum principle Lemma 2.7 yields ¢ < 0 in 2. The Hopf lemma then im-
plies 4 (z0,1) > 0 and hence that h,(xg,1) > v~ /2. Plugging this into the boundary
condition for h, we find

1 p—v

A(v) > A(vy) =: C > 0,

where A(v) > A(vpr) > 0 by Lemma 2.6. If d* < oo, then by Lemma 2.6 we can let
M — d*/d —1in (2.6) to obtain a > inf(_op . 4oy A > 0. O

We remark that in the irrotational case, the first inequality in (2.6) is equivalent
to equation 4.4 in [11].

2.3. Lower bound on the pressure. In order to prove Proposition 2.4, we
will work with the stream function formulation (1.9) of the water wave problem. In
particular, we will apply the maximum principle to the function

2
p=E oy erep +h

which differs from the physical pressure P by an additive constant and is defined in
the fluid domain

Dy ={(z,y) eR*: 0 <y < n()}.

Because of the boundary condition satisfied by 1 in (1.9a), p vanishes on y = n(z).
The following lemma from [46] is an improved version of a similar lemma in [9)].
LEMMA 2.9. Suppose that n € C§+ﬂ (R) and ¢ € C§+ﬂ (D) satisfy (1.9),

supp, Py < 0, and Yz — 0 as v — Foo, uniformly in y. Then p (defined above)

satisfies

(2.7) p> -3 Tlo(w +1),

where v = max(7, 0).
Proof. Using Ay = —~(1) we first compute

Pz = ¢z¢yy - 1/)y1/)rya Dy = ¢y¢zz - wrwry — Q.
Combining this with p =0 on y = n(x), we have

n(z) n(z)
p(r,y) = — / Py dy/ = / (¢z¢zy - %%z) dy/ +a(n(r) —y).
Y y



LARGE-AMPLITUDE SOLITARY WAVES WITH VORTICITY 2953

Thanks to the asymptotic conditions ¢,,1%,, — 0 as * — Zo00, the integral term
vanishes as x — o0, leaving us with

(2.8) p—amnxz)—y)—0 as r — o0,
uniformly in y. Taking distributional derivatives, we also find
Ap = (A)? = 3, — vy, — 207, € CJ(Dy)

and hence by elliptic regularity that p € C27°(D,).
A direct computation, depending only on the identity Aty = —v(v), shows that
© =p+ ay — 1) satisfies
26z + 275 20y + 271y
7 Pe 2
V| IV

Setting M = $|vt|o, we infer that 6 = p + M (¢ + 1) satisfies

Ap + oy = 0.

AG + by, + o, = M(y — 2M) — |V2—ZI2 ((7 — oM)W, + a) <0,
where
by = 20T 2Ma b (= 2M)Yy 6y 20
V|2 V|2

and where we’ve used the fact that ¢, < 0. On the free surface y = n(x) we have
0 = M (¢ + 1) = 0. On the bottom y = 0 we have

(2'9) ey = %wm - '@bwwwu —a+ M% =—a+ M% <0,
so 0 cannot achieve a minimum there. Using (2.8), we also get

Thus the maximum principle Lemma 2.7 yields # > 0 in D,, from which the proposi-
tion follows. O

The inequality (2.9) is one of very few places in this paper where o« > 0 is im-
portant. This inequality corresponds to the gravitational constant g being positive,
i.e., to gravity pointing downward.

Proof of Proposition 2.4. Let (¢,w) be a solitary wave with ¢ > 0, and set
a = a¢p — ¢ for convenience. Since infg hgy > 0, the associated stream function ¢ will
have sup ¢, < 0. Thanks to the asymptotic condition (1.19f) satisfied by w, we also
have ¢, — 0 as © — +o00, uniformly in y. Thus we can apply Lemma 2.9. In (z, s)
variables, the inequality (2.7) becomes

1+w?
2(Hs + ws)?

1
p=- —alH +w—1)+ 5z = =5 o(l = ),

2HZ =
where we’ve used the identity 1/H?2 = ;1 +2I'(s). Rearranging and using the fact that
h=H+w>0and a < a., we have

14 w? 1 1
W St (1—s) —a(H 4w —1) + ——
2(H, + wy)? = 5[0l = 5) —a(H +w—1)+ 2H?

1
(210) S §|7+|0 + Qer Cl;

1
— <
tomE <
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where the constant Cy depends only on «. Thus (2.10) implies the pointwise bounds

1
Hs+w52\/2—71=: Oses |we| < /2C1(Hs + ws) < Co(1 4+ |ws)). O

2.4. Flow force and equidecay. For any solution («, k) of (1.14a)—(1.14c), the
quantity

t1-ng u
(2.11) S(a,h)—/o ( e —a(h—1)+1"+§>hsds

is a constant independent of z. In physical variables, this is, up to rescaling,

/ Pt () dy,
0

which is called the flow force in [25]. S is also related to the spatial Hamiltonian in
[18]. For uniform flows h = H(s;v), we compute

1
S(a, H(+5v)) = 'u;VH(l;u) - %(H(l;l/) - 1)2 + % —|—/ a(s;v)ds.
0

For solutions h of (1.14), the asymptotic condition (1.14d) implies S(«, h) = S(a, H),
where as usual H(s) = H(s; p).

We will use the flow force to distinguish H(s) from H(s;v) with v # p.

LEMMA 2.10. Suppose h is independent of x and solves (1.14a)—(1.14c) with
hs >0 on [0,1]. Then S(a,h) > S(a, H).

Proof. Since h(s) solves (2.1) with hs > 0, we must have h(s) = H(s;v) for some
v > —2T'in and hence in particular S(a, h) = S(o, H(-;v)). Assuming that p # v,
we can solve (1.14b) for « to get o = A(v), and thus by Lemma 2.6 that v < u. We
now compute

0

ES’(a,H( 7)) =H-(L;7)(H(L;7) — 1)(A(T) — ).
For v < 7 < p, we have H(1;7) > 1 and H.(1;7) < 0, and also by Lemma 2.6
that A(7) > . Thus (%S(a,H(-;T)) < 0 for v < 7 < p, which implies S(a, h) >

Using Lemma 2.10, we can now prove Proposition 2.5. The first step, which is
inspired by [39], rephrases equidecay in terms of sequences of translations of waves in
.

Proof of Proposition 2.5. Assume that the proposition is false. Then there exists
(Cnywp) € # and (2, 8p,) € Q with z,, — oo and |wy, (2, s,)| > € for some fixed
e > 0. Without loss of generality we can assume that s, — so € [0,1] and ¢, — ¢ €
[0, ;). For convenience, we work with the variables h, = H + w,, and o = oy — C.
Consider the translated sequence

hn(x,8) = hp(x 4+ p, 8).

Since [t |24 g and hence |h, |24 g are uniformly bounded, we can extract a subsequence
so that h, — h in C2 _(Q), where h € C§+ﬁ(§) has h # H. By Proposition 2.4,

loc N

Oshyn, > &, for each n, so hy > 0.. Moreover, since (o, hy) solves (1.14a)—(1.14c),
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(v, h) solves (1.14a)-(1.14c) as well. Finally, since h is obtained as a limit of solitary
waves, S(a, h) = S(a, H).

Proposition 2.2 implies that the waves in #  are monotone, so hy < 0. Since h is
bounded, this forces

(2.12) h(z,s) — Hy(s) as r — 00,

pointwise in s for some bounded functions H4, as well as

(2.13) H,(s) < h(x,s) < H_(s) in Q.

We claim that Hy € C?78[0,1] solves (1.14a)—(1.14c) with S(a, Hy) = S(«, H) and
OsHy > 6,. To see this, consider another translated sequence

b (z,s) = h(z +n,s), n=12,....

We can extract a subsequence so that h’ converges in C2_(Q) to a function h*
in Cg+6(§) solving (1.14a)—(1.14c) with S(a,h*) = S(a, H) and b} > §,. Then
(2.12) implies h* = H, and hence that H, € C**7|0, 1] solves (1.14a)—(1.14c) with
S(a,Hy) = S(a,H) and 0,H; > .. The argument for H_ is similar. But by
Lemma 2.10, the only function Hx (s) satisfying all of these requirements is Hy(s) =
H(s). Thus (2.13) becomes

H(s) < h(x,s) < H(s) in Q,

which forces A = H and hence o = 0, a contradiction. d

3. Properness and spectral properties. In this section, we will formulate
(1.19) as a nonlinear operator equation % (¢, w) = 0 in weighted Ho6lder spaces. Our
main result is Theorem 3.10, which asserts that % is locally proper when restricted
to § < ( < ag — 0 for any § > 0. We call a nonlinear mapping F': X — Y locally
proper if F~1(K)N D is compact whenever K C Y is compact and D C X is closed
and bounded. In bounded domains, local properness follows from Schauder estimates,
but this argument no longer works in unbounded domains. Many of the lemmas we
will need depend only on the domain, ellipticity, and the divergence structure of the
equation. While nonstandard, they are fairly straightforward to prove, and we defer
them to Appendix A.

In section 3.1, we will introduce the weighted Hélder spaces C*5(Q) and define
the nonlinear operator .%#. Here the weight function o is essentially arbitrary; we
only assume symmetry, smoothness, and a subexponential growth condition (3.1). A
particular weight function ¢ will eventually be constructed in sections 5.6-5.7. For
¢ > 0, we will show in section 3.2 that the linearized operators %, (¢, 0) associated
with trivial solutions w = 0 are invertible and that the general linearized operators
Fuw (¢, w) are Fredholm with index 0. Since, for linear operators, local properness is
equivalent to being semi-Fredholm with index < +o0, i.e. to having a closed range and
finite-dimensional kernel, this will also show that the linearized operators %, ((, w)
are locally proper. In section 3.3, we will define and study the spectra of the linearized
operators Z,(¢,w). Finally, in section 3.4 we will prove that % is locally proper.
While the linear arguments in section 3.2 and 3.3 are valid in both weighted and
unweighted spaces, this nonlinear argument uses the weight function in a crucial way.
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3.1. Formulation in weighted Holder spaces. In section 3.4 we will need
control over the rate at which w, Dw, D?w decay as x — #o00. For this purpose we
introduce the weighted Holder spaces

C§+B(§) ={ue C’”'B(ﬁ) s |oulkts < o0}

Here the weight function o € C*°(R) is a strictly positive even function satisfying

Dk
(3.1) lim o = oo, lim =22 =0 fork >1,
r—+o0 rx—Foo O

but is otherwise arbitrary. We think of (3.1) as a subexponential growth condition
and note that it is satisfied, for instance, by o(z) = (1 + 22)?/2 for any p > 0.

Let T = {s = 1} be the top and B = {s = 0} the bottom of the infinite strip
=R x (0,1). Introducing the notation

Cfftﬁ(ﬁ) ={u € C*P(Q) : uis even in z},
and similarly for C{;I’B (Q), we will consider (1.19) as a system for
(3.2) we Zr={ue 031;5(5) :u=0on B}.

Note that w € Z.¢ implies the linear conditions (1.19d), (1.19¢e), (1.19f), and (1.19h).

For supercritical solitary waves (¢, w), the requirement w € Z.¢ is not a restric-
tion. This follows from the following result from [21].

THEOREM 3.1. Let (¢, w) solve (1.19) with ¢ > 0. Then |cosh(kx)w|ats < oo,
where the constant k > 0 depends only on (.

LEMMA 3.2. Let ((,w) solve (1.19) with ¢ > 0. Then w € ZF.

Proof. Pick k as in Theorem 3.1. From (3.1) we easily check o and all of
its derivatives grow more slowly than any exponential Ce®l®l with ¢ > 0. Thus
|o/ cosh(kz)|s < oo, from which the lemma follows. O

Next we need to encode (1.19g), info(Hs + ws) > 0. Setting J, as in Proposi-
tion 2.4, we know that all solutions ({,w) of (1.19) with ¢ > 0 in fact satisfy the
uniform condition infq(Hs + ws) > d.. We therefore define

0
(3.3) Uy = {w SIS igf(HS +ws) > E}’

which is an open subset of 2. We now write the remaining nonlinear equations
(1.19a)—(1.19b) as Z ({,w) = 0, where

F = (3‘\1,92)3 (0,0zcr) X %g — %C

is given by
o> _ Wy B 1 —I—wi r
(3.4) Filw) = <Hs+w8)m+< 2(H3+w3)2+ s’
' 1+ w? I
[ - "% _ _ -
J2(<7w) - <2(Hs +ws)2 + (acr C)’UJ 2) T7

and #° is the natural target space of .7,

(3:5) Yy = CF.(Q) x CLA(T).
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By Lemma 3.2, the original system (1.19) for ({,w) is equivalent to ¢ € (0, ),
w € Uy, and F(¢,w) = 0.

As in Appendix A, it will be useful to work in a variety of spaces related to
ZL, % but without decay and without evenness in . We define

2 ={uecC’@) :u=00n B}, % =CL@Q) xC(T),

and let Z.%, #;¢ be the corresponding subspaces of functions even in x.

3.2. Local properness of linearized operators. Following Appendices A.3
and A.5, our first step in proving local properness for .% will be to analyze the linear
operators

g: (”Q{agg) = 3571}((7“’)
obtained by taking the Fréchet derivative of .# with respect to w. Fix (¢,w), and
for convenience set h = H + w. Letting D1 = D, and Dy = D, these operators are
given in compact divergence form by

oo =Di(t"Djp),  Bp=-"Djp+ (e =)

with the usual summation convention, and where the coefficients b7 are

1 _ Wy 1 hy
<b11 blZ) H, + w, (Hs + ws)? hs h?
A 1+ w? | he 1+4R2
(Hs +ws)?  (Hs +ws)? h3 h

We observe that b € CL77(%Q), provided that w € C2T7(Q) and info (H, + ws) > 0.
Moreover, o7 is uniformly elliptic and £ is uniformly oblique. Indeed,

1+ h? _ v 1+R21 ha\> 1 _
D2 = ot 2 hfpt det(bY) = h——(ﬂ =1 2 [y

S S

If instead of linearizing .%5((, w) we had linearized

our linearized boundary operator would have been
'%?SO = (2aw - /’I’)(HS + ws)gos + Wy Py + OC(HS + U}S)2QO.

For % to be uniformly oblique, the condition infq (Hs + ws) > 0 required for uniform
ellipticity must be supplemented by supp(2aw — ) < 0. Being able to drop this extra
obliqueness condition sup;(2aw—u) < 0 is an advantage of the divergence formulation
introduced in [10]. (In [10], however, this extra condition was unnecessarily imposed.)

While we are primarily interested in . = (&7, %) as a map Z.F — %2, we will
also think of it as a map £y — %, and 2,0 — %;°. First we give sufficient conditions
for .Z to be invertible.
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LEMMA 3.3. Fiz ¢ € R and w € Z;° with info(Hs + ws) > 0. Suppose that

1
(3.6) (a“——Osup/‘Uﬂ—%wggd8<1.
z Jo
Then the linear operator £ = F,((,w) is invertible 272 — %2, Zv — %, and
ZE = Y.

Proof. We observe that ¢ = (f,g) has the same divergence form structure
as (A.7). Since (Hs + ws)® = bt/ det(b¥), condition (3.6) is precisely (A.8), so
£ 2y — % is invertible by Lemma A.5. Here we are using the evenness of w in
z and Lemma A.13 in order to apply Lemma A.5 in spaces of even functions. We
then obtain invertibility 2, — #;¢ by Lemma A.13, and invertibility 27 — #° by
Lemma A.11. d

COROLLARY 3.4. For ( > 0, the linear operator £ = %#,((,0) is invertible
XL =L, Ty = %%, and Z° — Z°.

Proof. With w = 0, (3.6) becomes

¢

Q¢

<1,

1
(aa—g)/ H3ds = —=—
0 (07

which holds if and only if { > 0, so the statement follows immediately from Lem-
ma 3.3. d

COROLLARY 3.5. For ¢ > 0 and w € Z° with infq(Hs +ws) > 0, the linear
operator L = F,(C,w) is Fredholm with index 0 as a map Z.f — 42, Zv — %,
and Z,f — %L

Proof. Since w € Z.2, the limiting operator (see Appendix A.3) for £ = %, (¢, w)
is % = Z,((,0). Since % is invertible 2, — %, by Corollary 3.4, Lemma A.7
implies that .Z is locally proper 2, — %, and hence semi-Fredholm with index
v < 4o0. For t € [0,1], set

L= Fu(Ctw): Zhy — W,

Then .%; depends continuously on ¢ in the operator norm, and, by the above argument,
is semi-Fredholm for each ¢. By the continuity of the index, the index of .%; is
independent of ¢t and hence equal to 0 since .% is invertible. In particular, ¥ = .4
is Fredholm with index 0 as a map 2}, — %,. .Z is then Fredholm with index 0 as a
map Z¢ — #° by Lemma A.13, and Fredholm with index 0 as a map Z; — %° by
Lemma A.10. d

LEMMA 3.6. Fiz ¢ > 0 and w € ZF satisfying infq(Hs + ws) > 0, and set
(o, B) = Fu(C,w). There exists ko < 0 so that for all kK € C\ (—o0, ko] the linear
operator (o — kI, %) is Fredholm with index 0 as a map X2 — %2, b — %, and
2 — H° where we temporarily allow functions in these spaces (but not w itself) to
be complex-valued.

Proof. We argue exactly as in the proofs of Lemma 3.3 and Corollaries 3.4 and
3.5, with Lemma A.6 playing the role of Lemma A.5. O

3.3. Spectral properties. In this section we define and analyze the spectrum
of & = Z,(¢,w). For brevity, we only consider .£ as a map Z,f — %2, though it is
clear from the proofs that analogous results hold with 2 replaced by Z or %5

LEMMA 3.7. Let 6 > 0 and K C R x Z¢ be a closed and bounded set with

inf ¢ > 4, inf inf(H, + ws) > 0.
K K Q
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Fizing 0 € (n/2,m), there exist constants c1,cq > 0 such that for all ((,w) € K and
k € C with |arg k| < 0 and |k| > ¢2,

c1(loplais + 16172 |oelz + 8]0l + 5] P TD o))
< lo(of — k)¢l + K7 ?|o(f — kI)plo
+|oBeliis + |k loBely + k]2 o Bl + K| T2 |0 Bl

where (o, B) = Fu((,w).
Proof. Thanks to our weighted Schauder estimate (A.14) we can proceed as in
[9]. Introducing a new variable ¢ € R, we consider the operator

<d + ﬁa&,@ L CHAQ X R) = CP(@ x R) x C1+A(T x R),
K

which, by our choice of k, is uniformly elliptic and uniformly oblique. Thought of as

a function of z and t, o satisfies condition (A.12) from Appendix A.4. Thus we can

apply Lemma A.9 to get a weighted Schauder estimate

(3.7) clo@lorp < |o(F + 507)8| 5 + [0 BP|1+5

for $ € C2T8(Q x R) vanishing on s = 0 with ¢ independent of ({,w) € K and x with
larg k| < 0 and |k| > ¢3. For ¢ € Zf, we set p(x,s,t) = e““‘l/%tp(x,t). Applying
(3.7), we obtain

|1/ 24 |1/ 2t |1/ 24
C|U61|N‘ SO‘2+B;§><]R < ‘Uelln‘ (“Q{ - KJI)(‘OLB;QXR + |U€l|n‘ %@‘1+,3;T><R-

Expanding the definitions of the various norms and using (3.1) yields the desired
result for |k| sufficiently large. O

Using Lemma 3.7, we can analyze the spectrum of the linear operator .%,,({, w),
which we define as in [19)].

DEFINITION 3.8. Let L = (A, B): X — Y1 x Y3 be a bounded operator between
Banach spaces with X C Y1. We denote by ¥.(A, B) the spectrum of A, considered as
an unbounded operator A: Y, — Yy with domain 2(A) = X Nker B.

LEMMA 3.9. Fiz ¢ > 0 and w € Z,¢ satisfying info(Hs + ws) > 0, and set
(A, B) = Fop((w): ZL — P2, Then there exists an open neighborhood A of the
ray {x € C: k > 0} in C such that (o, B)NN consists of finitely many eigenvalues,
each with finite algebraic multiplicity.

Proof. Defining </ as in Definition 3.8, our weighted Schauder estimate (A.14)
shows that < is a closed operator. Pick kg as in Lemma 3.6. Then o — kI is
Fredholm of index 0 whenever Rek > k. Letting A4 = {k : Rek > Ko} we therefore
have by Chapter IV, section 6 of [23] that ¥ (.27, )N.4" consists of isolated eigenvalues
with finite algebraic multiplicities. By Lemma 3.7, &/ — kI is one-to-one and hence
invertible for x with |argk| < 37/4 and || sufficiently large, and so X(7, 2B) N A
is a relatively compact subset of 4. In particular, since points in (%7, Z) N A are
isolated, X(«7, %) N A consists of only finitely many eigenvalues. 0

3.4. Local properness of the nonlinear operator. Finally, we show local
properness of the nonlinear operator .%# using the results from section 3.2 together
with Appendix A.4. Recall the open set %, C Z.¢ from section 3.1,

U, = {we %;Zil{llf(Hs—F’UJs) > %*},
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where §, > 0 is fixed and given by Proposition 2.4. We note that %, and its closure
are convex. Picking a small parameter § > 0, we will deal with solitary waves

(C,w) € (8, aey — ) X Uy,

so that the usual inequalities 0 < { < ae, hold uniformly.

THEOREM 3.10. Fiz § > 0. Then F: [6,er — 8] X %y — #° is locally proper.
Moreover, w +— F (¢, w) is locally proper Uy — % for any ¢ > 0.

Proof. We simply apply Lemma A.12 and its parameter dependent version. By
Lemma A.13, we can ignore the fact that we're dealing with spaces of even functions
when applying Lemma A.12.

Fix ¢ > 0. We easily check that %, satisfies the hypotheses on & in Lemma A.12
and that w — %((,w) has the necessary regularity. By Corollary 3.5, the linear
operators %, (C,w) for w € %, are Fredholm and hence locally proper. Thus by
Lemma A.12, w — Z#((,w) is locally proper %, — #.¢. Similarly, by the parameter-
dependent version of Lemma A.12, % : [§, aer — 0] = #.° is locally proper. O

4. Small-amplitude solutions. We now turn our attention to small-amplitude
solitary waves. In the notation of section 3.1, these are solutions (¢, w) of F(¢,w) =0
with |w|z small. Such waves were constructed in [20] and later in [18]. The object
of this section is the following theorem, which asserts the existence and uniqueness
of a one-parameter family of small-amplitude solutions ({,w¢), 0 < ¢ < (s, together
with the continuous dependence of w® on ¢ and the invertibility of the associated
linearized operators %, (¢, w¢). We recall that .7, 2.°, Z were defined in section 3.1
in terms of a fixed weight function ¢ satisfying the subexponential growth condition
(3.1). Because the natural rates of decay in this section are exponential, this sub-
exponential weight function ¢ will not play an important role in the analysis.

THEOREM 4.1. For (. > 0 sufficiently small, there is a one-parameter family
(¢, wS), 0 < ¢ < (o of nontrivial solutions to F (¢, w) = 0 with the following proper-
ties:

(i) (Continuity) The map ¢ — wS is continuous from the interval (0,¢,) to 2.2,
and |w® |45 — 0 as ¢ — 0.
(ii) (Invertibility) The linearized operator F,,(¢,w®) is invertible 2,° — Z°
and XF — %2 for each 0 < ¢ < (.
(iii) (Uniqueness) Suppose that (C,w) is a nontrivial solution of F((,w) with
¢ >0. If ¢ and |w|s are sufficiently small, then w = w¢.

None of the properties (i)—(iii) in Theorem 4.1 are addressed directly in [20] or
[18]. Compared with [20], the construction in [18] gives a more detailed description of
the small-amplitude solutions, and we will rely heavily on the methods and results of
this paper to prove Theorem 4.1. The continuity (i) is relatively straightforward, and
we will prove the uniqueness (iii) using the elevation result from section 2. Our main
difficulty will be showing the invertibility (ii). Plugging the asymptotic descriptions
of w¢ from [18, 20] into (3.6), it seems that we cannot apply Lemma 3.3, even in the
irrotational case. By Corollary 3.5, the linearized operators .%,, (¢, w¢) are Fredholm
of index 0, so they are invertible if and only if they have trivial kernel. We note that
the restriction to spaces of functions even in x here is essential. This is because, for
sufficiently smooth solutions of % (¢, w) = 0, differentiation with respect to x yields
F(C,w)w, = 0.

In section 4.1, we will perform several changes of (dependent) variable which ulti-
mately transform .% (¢, w) into an evolution equation u, = Lu+ N¢(u) with z playing
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the role of time. We will also perform the associated changes of variable in the lin-
earized problems. In section 4.2, we will consider linear equations v, = Lv + M (z)v
with M small. We will show an exponential-dichotomy type result which will allow us
to identify solutions with at most mild exponential growth as z — 4o00. In section 4.3,
we will exhibit the construction of a two-dimensional center manifold controlled by a
two-dimensional reduced equation. Homoclinic orbits of this reduced equation corre-
spond to small-amplitude solitary waves. Sections 4.1-4.3 contain results, in particular
on linearized problems, which are not present in [18]. We will prove Theorem 4.1 in
section 4.4. Using the results on linearized problems from sections 4.1-4.3, we will re-
duce invertibility (ii) to an elementary fact about the linearizations of two-dimensional
equations about homoclinic orbits. To show uniqueness (iii), we will prove that only
one homoclinic orbit of the two-dimensional reduced equation can correspond to a
wave of elevation and then apply our elevation result, Proposition 2.1.

4.1. Change of variables. In this section we will outline the changes of (de-
pendent) variable in [18] that transform the nonlinear operator equation .#({, w) =0
into an evolution equation. In addition, we will describe how these changes of variable
affect the linearized problems %, (¢, w)p = 0. The explicit changes of variable will
be given in the subsections 4.1.1 and 4.1.2.

It is convenient to first change variables in the problem .%,,(0,0)¢ = 0 obtained
by linearizing about the critical trivial solution (¢, w) = (0, 0),

(4.1) (a®0s)s + (aps)e =0 in Q, —a*ps+aqp=0 onT, ¢©=0 on B,

where a(s) = 1/H, was defined in (1.24). In this section, we will work with the Hilbert
spaces

X = {(w,0) € H(0,1) x L*(0,1) : w(0) = 0},

Y = {(w,0) € H*(0,1) x H*(0,1) : w(0) = 0},
which we think of as spaces of functions of the vertical variable s € [0,1]. Setting

¥ = ap, and thinking of (p,9) as a mapping R — Y, (4.1) becomes the linear
evolution equation

(4.2) (0, 9)a = L(p, V),
where
%) a~ 1
(4.3) L:9(L)CcX — X, L<19> = (—(a3gps)s)’
is a closed operator whose domain
(4.4) (L) ={(,9) €Y :9(0) = 0, —a’ps(1) + acrp(1) = 0}

captures the boundary condition on s = 1. We give Z(L) the graph norm, which is
equivalent to the Y norm. Evenness of ¢ in x is now expressed as

(4.5) (p, 9) (=) = S(p, 9)() = (p, V) (),

where S(p,9) = (p, —0) is called the reverser. Solutions (p,?) of (4.2) with this
symmetry are called reversible.
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We now turn to the full nonlinear problem .% (¢, w) = 0, which we will transform
into a nonlinear perturbation of (4.2), written

(4.6) Uy — Lu = N(u),

for u: R — X, provided ||u|ly and |¢| are sufficiently small. We note that the u
appearing in (4.6) is not the horizontal component u of the velocity field discussed in
section 1. The Hamiltonian structure of (4.6) plays an important role in [18] but is
not needed in our analysis.

To state the main results of this transformation, we introduce the notation

CH(R,E) = {u € C*(R, E) : |[u]lcr(r,p) < o0},
CFR,E) = {u € C*(R,E) : D u(x) — 0 as x — 400 V¢ < k},
CER,E) ={ue C*(R,E) : ||lou| cr g m) < oo}

for open subsets E of Banach spaces. Thanks to the subexponential growth condition
(3.1) on o, there exist constants C7,Cy > 0 depending only on o so that

k k

C1 Y lloeDullco.p) < llowllerm e < C2 Y _lloDiullcoz, g
=1 =1

for all u € C*(R, E).

Our first lemma asserts that solutions ({,w) of % ({,w) = 0 with || and |w]|s
sufficiently small yield solutions u of u, — Lu = N¢(u).

LEMMA 4.2. There exist neighborhoods A C R, V C Y, and U C Z(L) of the
origin and smooth maps

G':V =Y, N¢: U — X,

defined for ¢ € A with the following properties:
(i) N¢ is nonlinear in that N(0) = 0 and DN°(0) = 0.
(ii) G is a near identity transformation in that G(0) =0 and DG®(0) = I.
(iil) NS and G respect reversibility in that NSoS = —SoN¢ and GSoS = SoG°.
(iv) Let (¢, w) be a solution of F(¢,w) =0 with |{| and |w|a sufficiently small,
and set

=G (w,
(4.7) u=G_G (w, Hs+ws>.

Then u € CL(R, X) N CY%UR,U) solves uy, — Lu = N¢(u) and u(—2x) = Su(zx).

The second lemma asserts that reversible solutions u of u, — Lu = N¢(u) with
sufficient regularity and which decay as © — Zoo correspond to solutions w of
F((,w) =0.

LEMMA 4.3. Suppose that u € C2(R, X) N C2(R,U) solves u, — Lu = N¢(u)
and u(—z) = Su(x). Then u is given by (4.7), where w € Z.¢ solves F({,w) = 0.
The correspondence u — w is continuous C2(R,X) N C2(R,V) — C?*3(Q) and
CER,X)NCER,V) — C§+ﬂ (Q), depending continuously on ¢ in both cases.

The last lemma relates the corresponding linearized problems.

LEMMA 4.4. In the setting of Lemma 4.3, suppose that ¢ € Z.° is a nontrivial so-
lution of the linearized problem F,({,w)p = 0. Then there is a corresponding nontriv-
ial solution v in CL(R, X)NCL(R, Z(L)) of the linearized problem v, — Lv = DN (u)v
with v(—x) = Sv(z).
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The rest of section 4.1 is devoted to proving Lemmas 4.2-4.4. In section 4.1.1,
we will perform a simple change of variables w +— (w,#) which allows us to interpret
Z((,w) = 0 as an evolution equation with a nonlinear constraint. In section 4.1.2,
we will perform a more complicated change of variables u = G¢(w, @), which trans-
forms the previous evolution equation into one with only linear constraints, and prove
Lemmas 4.2-4.4. Our arguments are relatively straightforward and follow [18] very
closely, but there are several technical details which need to be checked. The reader
uninterested these technicalities is encouraged to skip sections 4.1.1-4.1.2 and move
on to section 4.2.

4.1.1. First change of variables. In this section we will perform the simple
change of variables

Wy

w’—>(w,0), sz

Recall the basic equations (1.19a)—(1.19b):
TS O S 51 SIS S
Hy+ws ), 2(H, 4 w,)? B ’

1+w?
S, T w,)?

»

(4.8)
+ (acr - C)w -

N =

=0 on T,

which we regard in this section as a system for ( € R and w € Z¢ satisfying
info(Hs +ws) > 0. In terms of (w, ), this can be rewritten as

Wy = (Hs + ws)9 in Q,
(4.9) O =5 (0° + (Hs +ws) %), = in Q,
(0% + (Hs + ws) ™) + (qter — Qw — & =0 ons=1

with 0 € CgJFB (Q) vanishing on B and odd in .

The advantage of (4.9) is that it can be interpreted as an autonomous evolution
equation with = playing the role of time. To make this explicit, let V' C Y be a
bounded neighborhood of the origin in Y, small enough that Hs + ws > d, whenever
(w,0) € V, where 0, > 0 is given in Proposition 2.4. We then think of (4.9) as the
autonomous evolution equation

(4.10) (w,0), = H(w,0),  Hf(w,0) =0,  Hw,0) =0,

where J#1: V — X describes the first two lines of (4.9),

A @]) = <%<92 A v) ’

,%/QC: V' — R describes the nonlinear boundary condition on s =1,

) (it cn-3)

and J#5:V — R, J3(w,0) = 6(0) encodes the remaining boundary condition not
dealt with by the definitions of X and Y. We easily check that the maps 7], %/2(, T
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are smooth. The evenness of w in z is now expressed as the reversibility (w, 8)(—z) =
S(w, 0)(x), where S is the reverser from (4.5).

LEMMA 4.5. Suppose that 7 ({,w) = 0 and that |w|y is sufficiently small, and
set § = wy/(Hs +ws). Then (w,0) € CHR, X)NCY(R,V) is a reversible solution of
(4.10) with ||(w,0)(z)|ly < Clwls.

Proof. The regularity (w, ) € C1(R, X)NC°(R,Y) and reversibility are straight-
forward. By Proposition 2.4, we know that infq(Hs + ws) > 0. > 0, where 0, is
independent of (¢, w). From this it is easy to show

sup||(w, 0)(z)]ly < Clwla(1 + |wl2).

Thus, if |w|y is sufficiently small, (w, 8)(x) will lie in V for all z. In particular, (w, )
solves (4.10). Since w, Dw, D*>w — 0 uniformly in s as # — 400, we check that
[l(w,0)|ly — 0 as z — £oo. Since (w,0), = H#1(w,d) and #1(0,0) = 0, we conclude
that ||(w,8)||x — 0 as z — oo as well. 0

The following technical lemma asserts that solutions (w,6) € C2(R, X)NC2(R,Y)
of (4.10) give classical solutions w € C?T#(Q) of (4.8).

LEMMA 4.6. Suppose that (w,0) € C3(R,X) N C2(R,V) is a reversible so-
lution of (4.10). Then w € Z° solves F#((,w) = 0. Moreover this correspon-
dence (w,0) — w is continuous both from C2(R, X)NC2(R, V) to C2TA(Q) and from
C(R,X)NC2(R,V) to CZT(Q).

Proof. Since 8 € (0,1/2], the Sobolev embeddings H?(0,1) — C**#(0,1) and
H'(0,1) — C#(0,1) immediately imply

[(ow)e |145:0 + lowhipa < Cllo(w, )]s ,x) + lo(w, O)llc2@.v))

for any (w, #). This is the only place where the assumption 8 € (0,1/2] in Theorem 1.1
is used. It remains to estimate |owss|g, and this is where we use the equation, (4.9),
satisfied by (w,8). Setting h = H 4+ w for convenience, we use (4.9) to eliminate 6,
finding

—h2Wey + 2hswewes + YH3 W2 — 3vH2ws — 3yHsw? — yw?

4.11 P
(411)  w s

Multiplying (4.11) by o, we obtain an estimate of the form
lowss|s < C(1+ |ow|ip + lows|146)%,

where we’ve used the multiplicative inequality |f|x+s < |07 k+glo flr+s. Since (w, )
is reversible, w is even in z, so we have w € Z.f. Eliminating 6 from (4.9) we then
obtain .Z (¢, w) = 0 as desired.

To show continuity in weighted spaces, suppose that (w?,6%) solve (4.10) with
¢ = for i = 1,2. Setting ¢ = w! — w?, we can estimate |op|145 and |o@z|14p
as before, so it remains to estimate |opss|g. Using the equation to solve for wi, as
before, we subtract the two expressions and obtain

l00sslp < C+ [ |agp + [w|a4p)  (loplits + [0@e|145)-

Setting ¢ = 1, the same argument gives continuity in unweighted spaces. a
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For later reference we also linearize (4.8) with respect to w. Setting h = H + w,
this yields the system

1+ w? Wy Wy 1 .
(e = o) 0[S et ) =0 e

1+ w?
h}

(4.12)
for ¢ € Z:°. Suppose that ¢ solves (4.12), and set

Px Ps
P ==—0-—.
hs hs

Then (p, ) solves the system obtained by linearizing (4.9) about (w, 8),

Px = hsﬁ + 9()05 in Q,
(4.13) zp = (wz — hs_ggos)s in €,
(wz — hs_gcps) + (e — Q=0 ons=1

with ¢ € Cﬁ"’ﬁ(ﬁ) vanishing on B and odd in x. If (w,0) € V for all x, we easily
check that the linearized problem (4.13) can be written

(4.14)
(@719)1 = ngfl(wvo)((pvﬁ)v D%C(wae)(<pvﬁ) = 07 D%(wvo)((pvﬂ) = 0,

where the Fréchet derivatives of J#7, %/2(, J5 are taken in Y.

4.1.2. Second change of variables. With (w, §) as in the previous section, we
now make another change of variable u = G¢(w, #). Given (w, ) € Y, define

+a73(1) /1 ey L )ip _ ds’
w+a S 1z (a*1+w5)2 a“Wg 5 s,

1
—Ca_g(l)s/ =ds’.

[1]

o
Il
[1]

The following lemma shows that
GV =Y, GYw,b)=(£0)=u

is a valid change of variables for |(| and V C Y sufficiently small. Its proof relies on
the easily verifiable properties

(4.15) G¢(0,0)=0,  DG°(0,0)=id: Y —Y.

LEMMA 4.7. For a sufficiently small neighborhood A x V' of the origin in R X Y,
the following holds:
(i) For each ¢ € A, GS: V — Y s a diffeomorphism onto its image. The
mappings G¢ and (G¢)~' depend smoothly on ¢ € A.
(ii) For each (,w,0) € A x V, the derivative DGS(w,0): Y — Y extends to
an isomorphism [’)EC(w,e); X — X. The operators E??C(w,ﬁ) and E??C(wﬁ)*l
depend smoothly on (¢,w,0) in A x V.
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Proof. This is Lemma 3.2 in [18], so we only give a sketch. Since G¢ is smooth,
the first part of the lemma follows from DG®(0) = I and G*(0) = 0 by the implicit
function theorem. The extension 1’)54(@0,9): X — X is straightforward, as is the
smoothness of DGS in (¢, w,0). The properties of DGS(w, )~ then follow from
applying the implicit function theorem to the equations DGST = I and TDGE = T
for T € (X, X), the space of bounded linear operators X — X. O

A consequence of Lemma 4.7 and (4.15) is the following technical lemma.

LEMMA 4.8. For any integer k > 0, the map (GS(w,0))(z) = G¢(w(x),(z)) is
a homeomorphism both

CI (R, X)NCER,V) — CEFH(R, X) N CF(R
and C*(R, X)NCHR,V) — CE(R, X) N CFR,G¢(V)),

Q
Py
=

in each case also depending continuously on ¢ € A.
Proof. Fix k > 0, and let v = (w,0) € C*T1(R, X) N C*(R, V). The statement
follows from writing

D!GS(v) = DG (v)Dlv + RS (v, Dy, ..., D5 Y),  0<£<k,

x

DFFIGS (v) = EEC(U)DI;HU + Riﬂ(v, Dyv, ..., D),

x

and observing that the remainder terms RE are smooth A x V x Y*~1 — Y and satisfy
RS(0,...,0) =0 and DRS(0,...,0)=0. O

We now plug (w,6) = (GS)~(u) into (4.10) and obtain a system for u. A direct
computation shows

(4.16) o (w,0) = —aPE,(1) + aet(1), L = D#(0,0)|o1)-

In particular, in the u = (&, 8) variables, the boundary condition Jiff(w,H) =0is
both linear and independent of (. Defining

(4.17) N¢(u) := D#(0,0)u — DG (w, 8).41 (w, ),

(4.16) implies that (4.10) is equivalent to u, — Lu = N¢(u), where ,%/Zc(w,ﬁ) =0
and H3(w,0) = 0 are captured by requiring u € Z(L). From (4.17) we see that
N¢ is smooth jointly in u and ¢, defined on a neighborhood of the origin in Y with
values in X. Similar computations show that the linearized problem (4.14) for (¢, )
is equivalent to v, — Lv = DN¢(u)v, where v is given by v = DG (w, 6)(y,9).

The proofs of Lemmas 4.2—4.4 are now straightforward.

Proof of Lemma 4.2. The smoothness of G¢ and (G¢)~! was shown in Lemma 4.7.
The regularity of N¢ then follows from its definition (4.17) and the smoothness of .%#].
We've also already seen G¢(0) = 0 and DG°(0) = I; it was (4.15). Combining this
with (4.17), we get N¢(0) = 0 and DN®(0) = 0. The symmetry G¢ o S = S o G¢
follows directly from the definition of G¢ given at the start of section 4.1.2. From the
definition of J# we also have £, 0o S = —S o ¥, %C oS = %C, and 308 = 43,
which, combined with (4.17), yields N¢ 0 .S = —S o N¢.

Now suppose that % ({,w) = 0, and set 8 = w,/(H;+ws). By Lemma 4.5, if |w|s
is sufficiently small, (w, ) € C§(R, X)NCY (R, V) solves the evolution equation (4.10).
Since w is even, we also have the reversibility (w,)(—z) = S(w, 0)(z). Assuming (]
is also sufficiently small, we can define u = G(w, #), which solves u, — Lu = N¢(u).
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Using G¢ o S = S o G we check that u is also reversible, u(—z) = Su(x). Finally,
since G¢(0,0) = 0, we have u € C(R, X)NCY(R,V). O

Proof of Lemma 4.3. Suppose u € C3(R, X)NC2(R,U) is a reversible solution of
uy — Lu = N¢(u). Combining Lemma 4.8 and Lemma 4.6 we see that u = G¢(w, 6),
where w € 272 solves (4.8), and that the correspondence u +— w has the desired
continuity properties. ad

Proof of Lemma 4.4. Let u,w be as in Lemma 4.3, and suppose that ¢ € Z.° is
a nontrivial solution of the linearized problem .%,,({, w)p = 0. Set

h=H+w, 60=22  9=22_92 4= DG (w,0)(p9).

hs’ hs h

Since DG¢(w, ) is invertible and ¢ # 0, we have v #Z 0. We know from section 4.1.1
that (p,9) € CLHR,X) N CYUR,Z(L)) solves the linearized problem (4.14), so by
section 4.1.2 we have v, — Lv = DN¢(u)v. The definitions of # and ¥ together with
w, 0 € CEA(Q) imply that ||(w,8)||y and ||(¢,9)||y are bounded uniformly in z, so,
by the smoothness of G¢, ||v(z)||y is also bounded uniformly in 2. Using the equation
solved by v, the smoothness of N¢, and the boundedness of u, we then have

lvellx = IDN(w)v + Lollx < C(llv]lx + [[vlly)

uniformly bounded in z, so v € C{(R, X) N C(R, Z(L)). Finally, from the evenness
of ¢ in # and G¢ 0 S = S oGS, we conclude that v is reversible, v(—z) = Sv(z). O

4.2. Linearization about trivial solutions. In this section we will consider
the linear operator L defined by (4.3)—(4.4) in more detail, as well as inhomogeneous
linear systems v, — Lv = g and nonautonomous systems v, — Lv = M (z)v.

The operator L is strongly related to the Sturm-Liouville problem

(4.18) —(a®n) =van,  —a®n'(1)+aan(l) =0,  n(0) =0,

for n € C?[0,1] and v € R. We begin with a lemma from [18, Lemma 3.3 and following
discussion] on the spectrum of L.
LEMMA 4.9. Let vg < vy < --- be the eigenvalues of (4.18). Then vy = 0, and
the following hold:
(i) The spectrum of L: Z(L) C X — X consists of the algebraically simple
eigenvalues {£./Vi}72, together with an eigenvalue at 0 with algebraic multiplicity 2.
The generalized eigenvectors uy,us with Luy = 0 and Lus = uy are

wp = </O a3(¢) dt, o), "y = (o, as) /Osa—%) dt) .

All of these eigenvalues are geometrically simple.
(ii) There exist real constants C,&y > 0 such that
C

lully < CI(L —igDullx,  fullx < 5

(L —i&ullx

for allu €'Y and real £ with |&| > &o.

Proof. Part (i) follows from an analysis of the Sturm-Liouville problem (4.18),
see [18]. To prove part (ii), we argue as in Lemma 3.4 of [17]. Let (w,0) € Z(L) and
set (f,g9) = (L —i&)(w, ). Then
(4.19) a 0 —itw = f, —(aws)s — €0 = g,

(4.20) —adw,(1) + aw(1) =0, w(0) = 0(0) = 0.
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Rewriting a3|fs]? + a~|g|? using (4.19), integrating by parts, and then using (4.20)
we obtain

(4.21)
Cr(l f 7 + lgll72) > llwllFe + 1007 + €2 (lwlFn + [10]172) — Calé|lws (1)6(1)].

It remains only to treat the rightmost term in (4.21). By (4.20), |ws(1)| < C||ws]| 2.
To estimate |0(1)], we let € € (0,1) and use (4.19) to get

1

- _ _ C
(™' (1)0(1))* = / 2(a710)s (a7 ") ds < [P [lws 22 + M1 fslZ2 + 10172

0

The statement then follows by first taking e sufficiently small and then [£| sufficiently
large. o

Let X° C X be the two-dimensional “center” subspace associated with the eigen-
value 0 of L, and let P¢ be the spectral projection onto X°¢. Writing P* = (I — P¢)
and X" = P X, we decompose X as X = X°¢@® X". Here X°¢ and the infinite-
dimensional space X*®" are both invariant subspaces of L. We note that L is not
self-adjoint. Indeed, the eigenvalue 0 has algebraic multiplicity 2 but geometric mul-
tiplicity 1. Thus the projection P° is not guaranteed to be orthogonal.

Next we turn to the inhomogeneous linear problem v, — Lv = g. Because L has 0
as an eigenvalue with algebraic multiplicity 2, we allow v and g to grow exponentially
with a small constant and specify the two-dimensional initial condition P°v(0). This
exponential-dichotomy type result is explained in Lemma 4.10 below.

For any Hilbert space E, v > 0, and f: R — E, we define the norms

I fllz2 ey = ||€7VHf||L2(R,E)7 I fll 1) = ||€7VHf||L2(R,E) + ||€7V|'|fm||L2(R,E),
and the corresponding spaces
LR, E) ={f : | flr2@m) < oo}, H,(R,E)={f€Ly(R E): f € Ly(R,E)}.
LEMMA 4.10. If v > 0 is sufficiently small, then the linear system
(4.22) v, —Lv=g,  P(0)=n

has a unique solution v € HL(R, X)N L2(R, 2(L)) for all g € L2(R, X) and n € X°.
Moreover,

vl L2 ®,y) + vl e x) < CUnllx + lgllz @ x)),

where the constant C' depends only on v and L.

Proof. Using the decomposition X = X¢ @ X, we write v = (v°,0%"), g =
(9°,6°"), and L = (L, L"), where L® = L|xc: X¢ — X° and similarly for L®". Then
(4.22) can be written as two decoupled equations

(4.23) vt — LS = ¢
(4.24) vy — L%° = ¢°, v°(0) = 7.

The first equation, (4.23), is an infinite-dimensional equation whose linear operator
L% has its spectrum bounded away from the imaginary axis. We claim that for v > 0
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sufficiently small, the unique solution vs" € H}(R, X®%) N L2(R, 2(L*")) of (4.23)
satisfies

o™ s ) + 1™l sz ey < Cllg™llzz@.x-

Thanks to the bounds in Lemma 4.9, the claim with v = 0 follows by taking a Fourier
transform in x; the estimate for v > 0 is then obtained by a simple perturbation
argument; see, for instance, [35, 36]. The second equation, (4.24), is a two-dimensional
linear system whose linear operator L€ is a 2 X 2 Jordan block with eigenvalue 0. Thus
an elementary argument shows that the solution v¢ of (4.24) satisfies

vl . xe) < ClInllx + 19N 22 ®.r))s

where the constant C' again depends only on v and L°. The lemma then follows from
combining the above results for (4.23) and (4.24). O
The following lemma extends Lemma 4.10 to nonautonomous perturbations of L.
LEMMA 4.11. Suppose M (z): (L) — X is a family of bounded linear operators
depending on x € R, and that | M ()| 9r)—x < € for all x. If ¢ is sufficiently small,
then the nonautonomous linear system

(4.25) vy — Lv = M(x)v, Pu(0) =7

has a unique solution v € H:(R, X)N L2(R, 2(L)) for each n € X°©.
Proof. We first consider the inhomogeneous system

(4.26) vy — Lv = M(z)p, Pv(0) =17
with ¢ € LZ(R, 2(L)). By our assumption on M,

(4.27) M (z)pllL2 ®,x) < ellollLz @ 2L)-

Setting ¢ = M(z)p in Lemma 4.10, we see that for each g € L2(R, 2(L)), (4.26)
has a unique solution v € L2(R, 2(L)) N H}(R, X ). Denoting this v by T"(y), (4.25)
becomes the fixed point equation v = T7(v). Lemma 4.10 and (4.27) give an estimate

1T"(@) 2,2y < Clnllx +ellellLz® L))

where the constant C'is independent of . The identity 7" (w;)—T"(ws) = T° (w1 —w2)
for wy,we in L2(R, 2(L)) then yields

1T (w1) = T"(w2)ll L2 ®,2(L)) < Cellwr —wallL2® 2(L))-

Picking e < 1/C, T" is therefore a uniform contraction L2(R, 2(L)) — L%(R, 2(L)),
and hence (4.25) has a unique solution v € L%(R, Z(L)). Combining this with the
equation v, = Lv + M (x)v, we have v € HY(R, X). 0

4.3. Center manifold reduction. In this section, we will describe the two-
dimensional center manifold M¢ constructed in [18]. This manifold contains all small
bounded solutions u of u, = Lu+N¢(u), and in particular all small-amplitude solitary
waves.

Let U C Z(L) and A be the neighborhoods of the origin from Lemma 4.2, and let
U°¢ = P°U be the projection of U onto the two-dimensional space X°. We also fix a
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basis {e1, ea} of X€ given by e; = dflul, ey = dfluz, where u1, us are the generalized
eigenvectors from Lemma 4.9 and

@2 = /01 als) (/O a=3(1) dt) ds

is a constant. The results of the center manifold construction in [18] that we need are
summarized by the following lemma.

LEMMA 4.12. Fiz an integer k > 2. After possibly shrinking A and U, there ex-
ists, for each ¢ € A, a two-dimensional manifold M¢ C U with an invertible coordinate
map x¢: MC — UC satisfying the following properties:

(i) Buvery initial condition ug € M determines a unique solution u of u, =
Lu + N¢(u) which remains in MS as long as it remains in U.

(ii) If u solves uy = Lu + NS(u) and satisfies u(x) € U for all x, then u lies
entirely in MC.

(iii) Defining r¢: U¢ — U by

(4.28) u () = (x6) 7H(u),

the map (C,u) + r¢(u) is C¥(A x U¢,U). Moreover, r<(0) = 0 for all ¢ € A and
Dr?(0) = 0.
(iv) If u¢ € C*((a,b),U°) solves the reduced system

(4.29) ul = f¢(u°) := DxS(u)(Lu+ N(u)), where u = u® 4 r(u°),

then u = u® + r°(u®) solves the full equation u, — Lu = N¢(u).
(v) The two-dimensional system (4.29) is reversible. Writing u® € U® as u® =
qe1 + pes and setting co = a2, fol a=?(s)ds, we have

¢ - 3¢o
aidt”  2a3d}

(4.30) Gz =p+ Ri(q,p;¢),  pa= @*> + Ra(q,p; €),

where the C* error terms Ry, Ry are odd and even in p, respectively, and satisfy the
bounds

Ry = O(Ipl - (¢, ¢, p)]) + O(lg, pl - 1(¢, 4, p)[?)-

The action of the reverser in these coordinates is (q,p) — (q, —p).

Proof. Since this is shown in [18], we only give a brief outline. The first step
is to apply Theorem 3.1 in [18], which is a parametrized, Hamiltonian version of a
reduction principle for quasilinear evolution equations originally due to Mielke [36],
making use of the Hamiltonian structure of u, — Lu = N¢(u) and Lemma 4.9. This
gives a center manifold M¢ with a coordinate map Y¢: M¢ — U°® satisfying conditions
(i)—(iv). Several changes of coordinates are then performed, which finally allow (4.30)
to be obtained by Taylor expansion. O

Lemma 4.12 has the following easy corollary concerning linearized problems.

COROLLARY 4.13. Let u,u® be as in (iv) of Lemma 4.12. If v° € CY(R,U°)
solves the linearized reduced equation v¢ = D f¢(uc)v®, then v = v°+ Dré(uc)v° solves
the full linearized equation v, — Lv = DN¢(u)v.

Proof. The statement follows from plugging u = u®+r¢(u°) into the full equation
uy — Lu = N¢(u) and differentiating both sides with respect to u°. O

(4.31)
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AN
)

ANk

FI1G. 2. Phase portrait of the rescaled system (4.33) with ¢ > 0 small.

4.4. Existence and uniqueness of small-amplitude solutions. We now
construct homoclinic orbits u¢ of u, — Lu = N¢(u) and solutions v¢ of the associated
linearized problems by lifting solutions of the reduced equations.

LEMMA 4.14. There ezists (. > 0 such that u, — Lu = N%(u) has a reversible
homoclinic orbit uS for 0 < { < (. with the following properties:

(i) u® satisfies an exponential bound

3
Y ID e @) gr) < C¢e Vel
k=0

for some positive constants C, ¢ independent of x and (.

(ii) There exists a solution v¢ of the linearized problem v§ = LvS + DN (us)vS
which is linearly independent from uS,, unbounded in'Y as x — 400, and satisfies the
exponential growth estimate ||[v¢(z)|ly < CeteVClel for some positive constants C, ¢
independent of x and .

(iil) The map ¢ — uS is continuous from the interval (0,(.) to C2(R,X) N
C2(R, 7(L)).

Proof. In the notation of part (v) of Lemma 4.12, we introduce, for ¢ > 0, the
scaled variables

Oler 1 3/2
Ve b g = =0, pla) = S Px),

4.32 X =
(432) Qerdy Co Co

so that (4.30) becomes

(M3)  Qx=P+R@QPQ.  Px=Q- 2@+ Ri(Q Q)

where R3 and R4 are O(( 1/ 2) and, respectively, odd and even in P. Sending ¢ — 0
in (4.33) we're left with the system Qx = P, Px = Q — % 2. which has a reversible
homoclinic orbit Q°(X) = sech?(X/2). Exploiting reversibility as in section 4.1 of
[17], we conclude that the phase portrait of (4.33) is qualitatively the same for ¢ > 0
sufficiently small, say 0 < ¢ < (,; see Figure 2. In particular, (4.33) has a reversible
homoclinic orbit (Q¢, P¢) with Q¢ > 0. Since (Q¢, P¢)(0) and the local stable and
unstable manifolds of (4.33) at (0,0) depend continuously on ¢, we have uniform
bounds

3

1
3 ID5(QS, PO < cemalX,
k=0
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Defining (¢¢,p¢) in terms of (QS, P¢) by (4.32), we therefore have a reversible ho-

moclinic orbit u$¢ = ¢Se; + pSes of (4.29) with the similar exponential bound

22:0|D’;u<70| < Cy¢e OVl for some positive constants Cy, Co. Since our weight

function o grows more slowly than any exponential, the continuity of ¢ — u%¢ from

the interval (0, () to C3(R,U¢) then follows from the continuity of ¢ ~— u$<(0).
Now we consider the linearized reduced equation

(4.34) vS = DfS(us)os.

Differentiating (4.29), we get as usual that v® = u$° is a solution of (4.34). Since
(4.34) is a two-dimensional system, it has one other linearly independent solution,
which we denote by v°. Looking at (4.30)—(4.31), we see that D f¢(0) has eigenvalues
+/C + O(¢) corresponding to eigenvectors e; & \/Cea + O(¢). By an elementary
argument (for instance, Problem 29 in Chapter 3 of [8]), v is unbounded as x — +o00
with

0§ (2)] < Cret O,
where the constants C7,Cs > 0 can be chosen independently of . Define
us = usC 476 (ut), v¢ =& + Dré (usC)vse.

By Lemma 4.12(iv), u¢ is a reversible homoclinic orbit of the full system u, — Lu =
N¢(u), and by Corollary 4.13, v¢ is a solution of the full linearized system v, —
Lv = DN¢(u)v, linearly independent from u$. Thanks to the properties of ¢ from
Lemma 4.12(iii), our exponential estimates for usc, pse carry over to uS,vS, after
possibly shrinking (.. Similarly the continuity of ¢ +— u%¢ in C2(R,U°) implies the
continuity of ¢ — u¢ in C2(R, X)NC2(R,2(L)). 0O

Combining Lemma 4.14 with Lemma 4.11, we now show that any solution of
vy — Lv = DN¢(u¢)v with at most mildly exponential growth as x — 400 must be a
linear combination of v<, u§.

LEMMA 4.15. Let 0 < ¢ < ¢, and uS,vS be as in Lemma 4.14, and let v > 0 be
as in Lemma 4.10. After possibly shrinking (., the space of solutions v to

(4.35) vy — Lv = DN (u®)w,
(4.36) ve HY R, X)NLA(R, 2(L))
is two-dimensional and spanned by v, uS.

Proof. Set M(x) = DN¢(u¢(z)). We first claim that, after possibly shrinking (s,
the system

vy — Lv = M (x)v, Pv(0) =,

has a unique solution v € L2(R, Z(L)) N H}(R, X) for each n € X°. We know that
N¢: U — X is smooth with DN?(0) = 0, and Lemma 4.14 gives [[u*(z)|| o) < C|(].
Combining these facts we have

1M (@)l|o(z)—x = IDN(u (@) o1)»x < Clus(@)] +¢) < C¢

for all xz. Picking (. sufficiently small, the claim then follows from Lemma 4.11.
Since X € is two-dimensional, the space of solutions v to (4.35)—(4.36) is also two-
dimensional. Thus, to prove the lemma, it suffices to show that v¢, ug are linearly
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independent solutions of (4.35)-(4.36). From Lemma 4.14 we know that v¢,u$ are
linearly independent solutions of (4.35), so all that remains to show is the integrability
vo,ub € L2(R,2(L)) N HX(R, X). By part (i) of Lemma 4.14, u$ and u$, decay
exponentially in Z(L) as # — 400, so in particular u$ € H}(R,Z(L)). Now we
consider v¢. By part (ii) of Lemma 4.14 we have [[v*(2)| o) < CetevClel where
¢ > 0 is independent of ¢. Thus v¢ € L2(R, 2(L)) as long as ¢|(.|'/? < v. Finally,
the equation v$ = Lv¢ + M (x)vS implies v¢ € HL(R, X). O

Finally, we prove Theorem 4.1 by combining Lemmas 4.3, 4.4, 4.14, and 4.15.

Proof of Theorem 4.1. Let (,,u¢,v¢ be as in Lemmas 4.14 and 4.15. Combining
Lemma 4.3 with Lemma 4.14 we see that u¢ corresponds to a nontrivial solution
ws € 2. of Z(¢,w) = 0, depending continuously on 0 < ¢ < (, and with |w|ay5 — 0
as ¢ — 0, which is (i).

Next we show (ii), that the linearized operators .7, (¢, w®) are invertible for 0 <
¢ < («. By Corollary 3.5, ., (¢, w*) is Fredholm of index 0, so it suffices to show that
it has trivial kernel. Fix 0 < ¢ < {, and assume for contradiction that 0 # ¢ € Z°
satisfies Z,(C,wt)p = 0. Let v € CL(R,X) N CY(R,Z(L)) be the corresponding
nontrivial solution of v, — Lv = DN¢(u)v given by Lemma 4.4, and recall that
v(—z) = Sv(z). Pick v > 0 as in Lemma 4.15. Since v € HL(R, X) N L2(R, 2(L)),
we have by Lemma 4.15 that v is a linear combination of v¢, uS. Since ||v¢(x)||y is
unbounded by Lemma 4.14(ii), v must be a scalar multiple of uS. Differentiating
u(—x) = Su(z) we discover u$(—z) = —Su$(x), and hence v(—z) = —Sv(x). But
we already know v(—z) = Sv(x), so this forces Sv(z) = 0 and hence v = 0.

Now we show (iii). Let ({,w) be a nontrivial solution of .# ((,w) =0 with ¢ >0
and [¢| + |w|2 < J, and assume for contradiction that w # w¢. By the monotonicity
of w and wS (Proposition 2.2), w is not a translate of w¢. If § is sufficiently small,
Lemma 4.12 implies that

w.
u = GC (’UJ, ﬁ) = geée1 +p62 + Tc(qel +p62)7
s s

where u° = ge; + pes is a reversible homoclinic orbit of the two-dimensional reduced
equation, (4.29). Moreover, u¢ is not a translate of u%°, where u° = ¢e; + pSes
is the solution of the reduced equation associated to w¢. Tracing back the various
changes of variable, we have

w(z, s) = q(x)e1(s) + R(x, s),
where the remainder term R satisfies
IRz, )l m20,1) < C(I¢] + lal + Ipl) (Il + |pl)

with the constant C' independent of (. We take § small enough that the above estimate
implies

(4.37) B, 1)] < 2 (1g(@)] + o).

Now we analyze the reduced system (4.29) near the saddle point 0. Since (4.29)
already has one homoclinic orbit u¢¢, we can find the angles at which u¢ approaches
0 as x — Fo0; see Figure 2. As mentioned in the proof of Lemma 4.14, Df¢(0) has
eigenvalues +1/C + O(¢) corresponding to the eigenvectors e; £ v/Cea + O(¢). Thus



2974 MILES H. WHEELER

we have ¢ < 0 for |z| sufficiently large, and

(4.38) lim 2 =+/C+0(C).

z—+oo ¢ -
Further shrinking §, (4.37) and (4.38) imply

3e(1)lg(x)]
4

for |z| sufficiently large. Thus, for |x| large enough that ¢ < 0 and (4.39) both hold,

(4.39) |R(z, 1) < <e(D)lg(x)|

w(z,1) =q(x)e1(1) + R(x,1) < 0.

But (¢, w) is a nontrivial supercritical solitary wave, so w(z, 1) > 0 by Proposition 2.1,
a contradiction. d

5. Global continuation. In this section we will prove Theorem 1.3. Our first
step in this direction is Theorem 5.2, which we will prove in sections 5.1-5.4 using
a topological degree argument. Given § > 0 and an arbitrary weight function o
satisfying the assumptions of section 3.1, Theorem 5.2 asserts that a certain subset
€2+ of € is either unbounded in Rx 2.¢ or contains solutions with ¢ = § or ¢ = e, —96.
In section 5.1, we will define the weighted continuum %2, which is a connected subset
of R x Z¢ containing solutions with § < ¢ < a¢ — J. In section 5.2, we will use
the invertibility results from sections 3—4 to show that removing a point in %joc from
€2 splits it into exactly two components, the more interesting of which is €>%. In
section 5.3, we will use the results of section 3 to define the Healey—Simpson degree
for our nonlinear operator .#. We will then use this degree in section 5.4 to prove
Theorem 5.2, again using the invertibility from section 4.

In sections 5.5-5.7, we will prove Theorem 1.3 by analyzing the alternatives in
Theorem 5.2 as § — 0. If €2F is unbounded, then, since we always have 0 < ¢ < ar,
there must be a sequence in ‘Kf* with |owy |24 — oo. In section 5.5, we will
reduce this condition to |owy|o + |Oswnlo — oco. To accomplish this we will use
the lower bound on the pressure in Lemma 2.9, the weighted Schauder estimates
from Appendix A, and regularity results of Lieberman [32] for fully nonlinear elliptic
problems. In section 5.6 we will use the equidecay result from section 2 to construct a
particular weight function o for which this condition further reduces to |0swy|o — 0.
This yields (i) in Theorem 1.3. In section 5.7, we will send § — 0 and address
the remaining possibilities, that there exist solutions (¢,,w,) € € with ¢, — 0 or
Cn — Q. For ¢ near a.,, we will obtain alternative (ii) of Theorem 1.3 by using the
upper bound Proposition 2.3 on the Froude number. Finally, for (, near 0, we will
use the uniqueness result from section 4 to obtain alternative (iii).

5.1. The weighted continuum. We first recall Definition 1.2. The set . of
supercritical solitary waves is
S ={(¢,w) : (¢, w) satisfies (1.19), 0 < ¢ < ae},
which we view as a subset of Rx C§+ﬁ (€2), and the global continuum % is the connected

component of . in R x Cffﬁ () containing %loe. Here %o is the local curve of
nontrivial solutions given by Theorem 4.1,

%OC:{(C,MC):O<C<Q}, where |w<|2+3—>0asg“—>0.
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Fia. 3. (a) The components of .7\ {(¢o,wo)} in Lemma 5.3. The bold portion of € is Gloc-
(b) The neighborhood U in the proof of Theorem 5.2. U is the shaded region, R is the strip with

Co < (<1, and (53"" is drawn in bold.

We now define analogues of . and € in weighted spaces. Fix a weight function
o as in section 3.1, and define the weighted spaces Z.¢,#.° as in (3.2), (3.5). Recall
the open subset %, C 2Z.° defined in (3.3),

U, = {we %;:ilglzf(Hs+ws) > %*},

where J, > 0 is fixed and given by Proposition 2.4. As in section 3.4, we introduce a
small parameter 0 < § < (. and work with (¢, w) in the set [6, ey — 0] X %, where
the usual inequalities 0 < { < @, hold uniformly. For convenience, we shrink ¢, so
that 2(, < ae,.

DEFINITION 5.1 (weighted continuum). For 0 < § < (., define

2 =0 ([0, 0 — 8] x %) CR x C2H5(Q).

The weighted continuum €2 is the connected component of #° in R x C2+A(Q) con-
taining Gloc N y‘f.

We are now ready to state the first main result of this section.

THEOREM 5.2 (global continuation). Fiz 0 < § < (. and (o, wo) € Gloc NEL.
Then €2 \ {(Co,wo)} has exactly two connected components. One component is
Gloc N {0 < ¢ < (o}, and the other component ‘55’4' 1s either unbounded or meets
the boundary of (0, ey — 0) X Uy.

5.2. Connectedness properties. In this section we will prove the disconnect-
edness statement in Theorem 5.2 using the implicit function theorem and the invert-
ibility of %, (¢, w) given by Corollary 3.4 and part (ii) of Theorem 4.1. Our first
lemma asserts that . has at least two components and that removing a point in %o
splits it into at least three; see Figure 3(a).

LEMMA 5.3. Let 7 ={((,0) : 0 < { < ac} denote the set of trivial solutions in
. Then 7 is a connected component of . In particular, since connected compo-
nents are disjoint, € NI = &. Moreover, for each (o, wo) € Gloc, < \ {(Co,wo)} has
at least three connected components, of which the two least interesting components are
T and Gloc N{¢ < {o}. Here as always we topologize & as a subset of R x CSJFB Q).
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Proof. Since we are working in unweighted spaces, it is useful to have an un-
weighted version of our nonlinear operator .%. To make this precise, we set

U, = {w €2y iIglzf(Hs + ws) > %*},

where §, is given in Proposition 2.4, and define Z": (0, aer) X %, — % by the same
formula, (3.4), used to define .#.

First consider 7. Clearly  is connected (indeed path connected) and relatively
closed as a subset of .. It remains to show that 7 is relatively open. For each
(¢,0) € 7, FP(¢,0) = 0. Moreover, ZL((,0) is invertible 2;° — % by Corol-
lary 3.4. Thus relative openness follows from the implicit function theorem. The
same argument shows that 7 is a connected component of .\ {(¢o,wp)} for any
(o, wp) € Gloe- Since € C . is connected and € ¢ 7, we must have € N T = 2.

Now pick ({o,wo) € Bloc. Since ¢ + w is continuous (0,(.) — 2;¢, we eas-
ily check that Goc N {¢ < (o} is a relatively closed subset of . \ {({o,wo)}. For
any (C,w®) € loc, FP((,w®) = 0, and by Theorem 4.1, .F>(¢,w") is invertible
Zyw — #¢. Thus we can apply the implicit function theorem as before to deduce that
Gloc N {C < (o} is relatively open. The third connected component of . \ {({o,wo)}
is the one containing @oc N {¢ > (o}. Of course . might have connected compo-
nents other than % and .7, in which case .\ {({o, wo)} will have more than three
components. O

The following elementary lemma asserts that connected subsets of . are also
connected in .7

LEMMA 5.4. Fiz 0 < 0 < (. If A is a connected subset of .72 in R x C2T8(Q)),
then A is also a connected subset of % in R x CgJFB(ﬁ). In particular, € C €.

Proof. In what follows, . is always topologized as a subset of R x C§+ﬂ Q),
while .#? is topologized as a subset of R x C2*#(Q). To prove the first statement,
suppose that A C 5{;5 is disconnected as a subset of .. Then there exist disjoint
open sets B,C C R x C§+'B(§) with ANB # @, ANC # @,and A C BUC. Set
B'=Bn (R x C28(Q)) and ¢’ = C N (R x C2+#(Q)). Then B’ and C’ are disjoint
open subsets of C2t4(Q) with A ¢ B'UC’', ANB' # @, and ANC’' # @. Thus
A is disconnected as a subset of .#?. Now we turn to 2. By construction, €2 is a
connected subset of .. By the above argument, it must also be a connected subset
of .. Since ¥ is a connected component of .# and €2 N'%¥ # @, we must have
€ce. O

LEMMA 5.5. Fiz 0 < & < (., and pick ({o,w0) € Gloc NE2. Then €2\ {(Co,wo)}
is disconnected as a subset of R x C2+P(Q), with exactly two connected components.
One of these components is Gloc N {0 < ¢ < (o}-

Proof. In what follows, . is always topologized as a subset of R x C§+ﬂ Q),
while .7¢ is topologized as a subset of R x C2t5(Q). Assume for contradiction that
€2\ {(Co,wo)} is connected as a subset of .#2. By Lemma 5.4, it is connected as a
subset of .. By Lemma 5.3, Goc N {¢ < (o} is a connected component of . which
meets €2 \ {(Co,wo)}, so this forces €2 \ {(Co, wo)} to be a subset of Gl N {¢ < (o},
a contradiction since %o N {¢ > (o} C €2. Thus €2 \ {((o,wo)} has at least two
connected components. Applying the implicit function theorem to .% near ({y,wo),
we conclude that €72 \ {({o,wo)} has exactly two components. O

5.3. Topological degree. In this section we will summarize the Healey—Simpson
degree [19], which we will use to prove Theorem 5.2 in section 5.4. We note that it
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might also be possible to use the C? degree of Fitzpatrick, Pejsachowicz, and Rabier
[13]. First we define a notion of admissibility for linear maps, taken from Definition
4.7 and Remark 4.13 in [19].

DEFINITION 5.6. Let X,Y1,Ys be Banach spaces with X continuously embedded
i Y1, and set Y = Y7 x Yy, We assume that X is endowed with weaker norms
W - s |-l such that

C"luflxm < CMlullxr < Clullxr < [lullx.

We also assume the existence of weaker norms || - ||y, || - [lyy | - |y for Ya and || - ||y

for Y1 satisfying similar inequalities. Letting X' denote X with the norm || -||x/ and
so on, we consider a linear operator L = (A, B): X =Y satisfying

(5.1) (A,B) e Z(X,Y)N2(X,Y!xY)), Be2X"YnLX" Y,

where £ (E, F) denotes the space of bounded linear operators E — F. Such an oper-
ator L is said to be admissible if, in addition to (5.1), the following hold:
(i) L is a Fredholm operator of index 0.
(ii) B is surjective.
(ili) There exist constants 3,C1,Ca > 0 such that

Cu (Jhullx + Vellullxe -+ Il o+ 17272 o )
< A = )ully, + || (A = kT)ullyy
+ IBully, + |5l Bully; + 1512 Bullyy + |11/ | Bully;

for allu € X and real k > Cs.

(iv) There exists an open neighborhood A of the ray {p : u > 0} C C such that
S(A, B)NA consists of finitely many eigenvalues, each of finite algebraic multiplicity.
Here, as in Definition 3.8, ¥(A, B) is the spectrum of A, considered as an unbounded
operator A: X — 'Y with domain 2(A) = X Nker B.

Using Definition 5.6, we next define admissibility for nonlinear operators. This is
Definition 4.10 together with Remark 4.13 in [19].

DEFINITION 5.7. In the setting of Definition 5.6, let W C X be open and bounded
and let W' denote W endowed with the X' topology and similarly for Wﬂ, w". A
map F = (Fy, Fy): W — Y is admissible if the following hold:

(i) F and F, have the regularity

FeC*W,Y)nCOW,Y), F,cCO/W , 2(X Y] xY]),
Foy € COW', (X", Y)) N COW", 2(X" Y]")).

(ii) For each u € W, F,(u) is admissible according to Definition 5.6.
(iii) F: W — Y is locally proper.
Suppose that F': W — Y is admissible and y € Y\ F(OW) is a regular value of
F'. By this we mean that F;,(u) is surjective (and hence invertible since it is Fredholm
of index 0) for all u € F~(y) N W. Then F~!(y) N W is finite, and we define

deg(FEW,y)= > (-1)"®),
weF—1(y)NW
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where v(u) is the number, counted according to algebraic multiplicity, of positive
eigenvalues in X(F,(u)), which is finite by admissibility, and where the sum over
the empty set is 0. If y ¢ F(OW) is not a regular value, we define deg(F, W, y) to be
deg(F, W, y) for some nearby regular value y which exists by the Sard—Smale theorem;
see [19].

We need two properties of the degree. The first is additivity.

LEMMA 5.8 (additivity). Suppose that W, W2 C X are bounded open sets with

WINW? =@ and that F: W UW~ — Y is admissible. Ify ¢ F(OW'UOW?), then
deg(F, W' UW?,y) = deg(F, W', y) + deg(F, W2, y).
Proof. Let y be a regular value for F|y 12, close enough to y that
deg(F, W' UW? y) = deg(F, W' UW?23),  deg(F,W' y) = deg(F,W",7),
for ¢ = 1,2. The statement then follows from
> ) N € L S SN G § L o
w€F=1(H)N(WIUW?) ue€F=1(F)NW1 wE€F=1(F)NW?2

The most important property of degree for us is invariance under homotopy, which
is proven in Proposition 4.12 of [19] and the following remarks. For T C [0,1] x W
and t € [0,1], define the section

(5.2) Ti={ueW:(t,u) e T}.

DEFINITION 5.9. For Y C [0,1]xW open, we say that H: T — Y is an admissible
generalized homotopy if H € C%(Y,Y) is proper and H(t, -) is admissible for each t.
We call t € [0,1] the parameter of the homotopy.

LEMMA 5.10 (homotopy invariance). If H: T — Y is an admissible generalized
homotopy, and y ¢ H(OY:) for t € [0,1], then

deg(H(0, -), Yo, y) = deg(H(L, - ), T1,y).

5.4. Global continuation. In the notation of section 5.3, we take

X =27, [-lx =lo-l2,  |-llxr=lo-lies, |- llxm =101,
Vo=CMPT),  N-lyy=lo-l. |y =lo-ls Iy = lo o,
Y :Cg,c(ﬁ)ﬂ ”HY{ = |0'|07

where the spaces 2.5, Z° are defined in (3.2) and (3.5). (We will not need to reference
the spaces X,Y used in section 4 again.) The following lemma will allow us to apply
Lemma 5.10 to our nonlinear operator .%.

LEMMA 5.11. For any § > 0, F: [0, ey — 0] X U, — e is an admissible gen-
eralized homotopy with parameter C. In particular, F | is an admissible generalized
homotopy for any open T C (3, aer — 0) X U,

Proof. First we claim that for (¢,w) € [, e — 0] X %, the linear operator
(o, PB) = Fu((,w) is admissible according to Definition 5.6. Condition 1 is Corol-
lary 3.5, condition 3 is a special case of Lemma 3.7, and condition 4 is Lemma 3.9.
Finally, condition 2 is a consequence of condition 4: by 4, there exists k € C such
that

(o — kI, B): 2f — B = C2HP Q) x CLH(T)
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is onto. Thus %: 2 — C+5#(T) must be onto. Next we claim F((, - ): % — Yy
is admissible according to Definition 5.7 for 6 < ¢ < oco. The regularity condition 1
is easily checked. We then have local properness 3 by Theorem 3.10. Finally, we use
Theorem 3.10 yet again to get the local properness of .#: (J, acy — ) X Uy — #F.
Since .# is C?, we conclude that .% is an admissible generalized homotopy. d
Proof of Theorem 5.2. We follow the proof of Theorem II.6.1 in [26]. By
Lemma 5.5, we know that €2 \ {(¢o,wp)} has two components, one of which is

CO7 = Groe N {0 < ¢ < G0}

Assume for contradiction that the other component €2* is bounded and does not
meet the boundary of (0, aer — §) X %,. By local properness (Theorem 3.10), the

closed set G2 = €9 U {(¢o,wo)} is compact.

Pick a point ((1,w1) € €loc With ¢4 > (. By Theorem 4.1, the linear operator
Fw(C,we) is invertible for each ¢y < ¢ < (.. Therefore w¢ is the unique solution of
Z(¢,w) = 0 locally, that is, we can shrink e; so that w = wS whenever .7 ({,w) = 0,
¢ < ¢ <, and lw—w||2e <e1. Consider the open strip

R:= {(C,U)) eRx ‘%/oc : CO < C < Cla H’UJ—U)CH%: < 51};
as well as the portion of its boundary
OwR={((w) ERX 2 : ¢ < (<G, Jlw—w|ae =e1}

We have just shown that RN .Y C %loc and 0,R N ¥ = &. Defining sections
R; ={w: (¢,w) € R} as in (5.2), the definition of the degree then gives

(5.3) deg(F (¢, ), Re,0) = (1)’ #£0, (o <(<,

where v({) is the number of positive eigenvalues of .%,,(¢,w¢) counted according to
multiplicity.
We now construct a bounded open neighborhood U of €2F with the following
properties:
(i) RCUC (0, ey — 0) X Uy,
(i) UNIuR = @,
(iii) F # 0 on U \ {(Co,wo)},
(iv) (Covwo) & DU\ R).
See Figure 3(b). By assumption, €2 does not meet the boundary of (6, ce; — ) X %
Our above argument shows that €2+ does not meet 9, R. Since €2+ is a component
of €2\ {(o,wp)}, and €2 is a component of .72, €%F cannot meet .72 \ €2+ either.
Thus there exists €5 > 0 such that the distance between the compact set €2F \ R
and any of the closed sets

(6, 0er — 8) X Uy), OwR, FO\COT

is at least 2¢5. Let U be the open eo-neighborhood of €2+ \ R, and set U = U UR.
Properties (i) and (ii) are clear. Property (iii) follows from .# # 0 on U \ R and
(C1,w1) € €2T\ R C U'. Finally, property (iv) holds because U\ R C U" is a positive
distance away from (o, wp) € 72 \ €2+.

Now we derive a contradiction by comparing the degree of .# on various sections.
By (iii), # # 0 on U \ {(¢o,wo)}. Thus homotopy invariance (Lemmas 5.10 and
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5.11) implies that deg(# (¢, -), U, 0) is independent of ¢ for ¢ > {y. Since U; = @
for ( sufficiently close to ag,, we get

deg(y(47 . )7 UCaO) =0 VC > CO'

Set V = U\ R. By (iii) and (iv) we have .# # 0 on 9V \ {(¢1,w1)}, so homotopy
invariance implies that deg(# (¢, -), Ve, 0) is independent of ¢ for {( < (;. Since
Ve = @ for ¢ sufficiently close to 0, we have

deg(F(¢, ), Ve,0) =0 V¢ <G

From (ii) we have Us = V: U R¢ and Ve N Re = @ for (o < { < (1. Since & # 0
on O, R, the additivity of the degree (Lemma 5.8) gives

deg(F (¢, ), Ve, 0) +deg(F (¢, - ), Re,0) = deg(F (¢, -), U, 0) Vo < ¢ < (1.

We’ve shown already that two of the above degrees are 0, leaving us with

deg(Z(C, -), B¢, 0) =0 V(o < ¢ <,
which contradicts (5.3). O

5.5. Uniform regularity along the continuum. One of the possibilities in
Theorem 5.2 is that %f)* is unbounded in R X %,,. Since we always have 0 < { < ar,
this is equivalent to |ow|a1s being unbounded along €2%. In this section we will
show that, for supercritical solitary waves, |ow|24s is controlled by |owl|o and |ws|o,
while |w|a4g is controlled by |ws|o alone. These estimates will allow us to establish
uniform bounds along the continua ¢ and %2 in sections 5.6 and 5.7, addressing the
possibility in Theorem 5.2 that 2% is unbounded.

PROPOSITION 5.12. For each K > 0 there exists a constant C' depending only on
K such that all supercritical solitary waves (¢, w) with |ws|o < K satisfy |wlap < C.

ProposiTION 5.13. For each K > 0 there exists a constant C depending only
on K and o such that all supercritical solitary waves (¢, w) with |ws|o + |ow|o < K
satisfy |ow|ayp < C.

We will prove Propositions 5.12 and 5.13 in several steps:

1. Estimate |w|; in terms of |wg]o.
2. Estimate |w|14+p in terms of |w|; for some " € (0, f].
3. Estimate |w|24p in terms of |w|14a.
4. Repeat step 3 with 8’ replaced by S.
5. Estimate |owl|244 in terms of |ow|p and |w|a4g.
Step 1 follows easily from Proposition 2.4.

LEMMA 5.14. Let ({,w) be a supercritical solitary wave. Then there exists a
constant C' depending only on v so that |w|; < C(1 + |ws]o)-

Proof. By Proposition 2.4 we have |wy|o < C(1 + |ws|o), and |w|p < |ws|o follows
from writing w(z, s) = [j ws(z,t)dt. O

To complete step 2, we use regularity results for two-dimensional nonlinear elliptic
boundary problems. For convenience, set y = (z,s). Fixing R € (0,1), we work on
half-balls

(5.4) Br={yeR?:|y—(z9,1)| <R, s<1}CQ
centered at points (zo,1) € T. Consider a nonlinear problem

(5.5) F(y, Dp,D*p) =0 in By, G(p,Dp) =0 on 0B, NT,
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and assume that there exist positive constants ¢y, ca, c3 such that
(56) Cll S Ff’(xapv 7:) S C26117 |G;D(Z7p)| Z C3

for all (z,z,p,7) € B x R x R? x S%. Here S? is the space of real symmetric 2 x 2
matrices.

A simplified version of Theorem 1 in [32] then reads as follows.

THEOREM 5.15. Fiz R € (0,1) and a Holder parameter 8 € (0,1), and let
F e C%Y(By xR?*xS?) and G € C°(R x R?) satisfy (5.6) for some positive constants
c1,C2,c3. Suppose in addition that there exists a positive constant cq so that

|F(y7p7 O)| S Cy, |Fp(y7p7 T)' S 04(1 + |T|)a |F’u(yapar)| S Cq
for all (y,p,7) € By x R? x S?, and
|G(va) - G(Z/ap/)| S C4(|Z - Z/|ﬁ + |p _p/|)

for all (z,p) and (2',p’) in RxR2. Then for any K > 0, there exist positive constants
B and C depending on B, R, c1, ca, 3, ¢4 S0 that any solution ¢ € Co’l(B;i)ﬂWI‘z’f(Bg)
of (5.5) with sup(|e| + |Dy|) < K obeys

(57) |§0|1+5/;BE/2 S C

So that our formulas for F' and G are simpler, we will apply Theorem 5.15 to
equations (1.14a)—(1.14b) for h = H+w and a = a,; — ¢, instead of the corresponding
equations (1.19a)—(1.19b) for w and ¢. Writing (1.14a)—(1.14b) in nondivergence form,
we set

F(s,p,7) = (1 + p})ras — 2p1pari2 + pari1 + (—s)ps,

1+ p? 7
—1)- £
202 +a(z—-1) 5

G(z,p;0) =

We easily check that F' and G satisfy the hypotheses of Theorem 5.15 when restricted
to regions of the form |z| + |p| < K and py > § > 0 with constants ¢, ce,c3,cs
depending only on K, 4, 8 (and not on zp). Modifying F' and G using cutoff functions,
we conclude that if the ¢ in Theorem 5.15 satisfies s > § > 0, then the conclusion
(5.7) holds with C' and " depending only on K, 4§, 5.

Using Theorem 5.15, we can now complete step 2.

LEMMA 5.16. For each K > 0 there exists C = C(K) and ' = 5'(K) € (0,0] so
that any supercritical solitary wave ((, w) with |wslo < K satisfies |wli45 < C.

Proof. Let (¢,w) solve (1.19), and for convenience set h = H + w. In what
follows we use C' > 0 and ' € (0, 5] to denote constants depending only on K. By
Lemma 5.14 we have |w|; < C, and hence |h|y < |H|1 + |w|; < C. By Proposition 2.4,
we also have infq hy > J., where 0. > 0 is independent of (¢, w). Thus 6 = h solves
the uniformly elliptic equation

(14 h2)0,p — 2hahsbps + h20,, = —Yh3

in €, so by standard elliptic theory [16, Theorem 9.19] h € C3+#(Q) and hence
h € Wi ().

Now pick zp € R and define B] = By (x¢) as in (5.4). Applying Theorem 5.15
to F and G on By, we see that h satisfies |h|1+ﬁ,;B;/2 < C, where 8" and C depend
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only on K and not on the center z( of the half-ball B;. We can also make a similar
argument near the bottom boundary s = 0 by setting G(z,p) = p1. Applying these
estimates to each half-ball centered at the boundary, we conclude |h|14g.0 < C,
where Q' = R x [(0, 1) U (2,1)]. Combining this with a C'+#" interior estimate for
quasilinear equations [16, Theorem 13.6], we have |h|1+p < C and hence |w|i4p
<C. 0

To complete step 3, we differentiate % (¢, w) = 0 with respect to z and apply an
(unweighted) Schauder-type estimate for divergence form equations.

LEMMA 5.17. For each K > 0 and 8’ € (0, ] there exists C = C(K, ') so that
any supercritical solitary wave (¢, w) with |wji+g < K satisfies |w|atp < C.

Proof. Let (¢,w) be a supercritical solitary wave with |w|11s < K, and for
convenience set h = H + w. Differentiating % (¢, w) = 0 with respect to x, we see
that ¢ = w, is a weak (C'T#) solution to the divergence form elliptic equation

‘g\lw (Cv ’UJ)(p = Oa

1+ w? Wy Wy 1 .
0Os <—85<p — h—gﬁng) + Oy <—h—§85<p + h—saM) =0 in Q,
1+ w? .
%Sw I;:—S@z<p+(ozcr—otp:0 ons=1
with ¢ =0 on s = 0. Since hs > 0. by Proposition 2.4, the linear operator F#1,,({, w)
is uniformly elliptic. Moreover the coefficients in (5.8) have their C# (£2) norms con-
trolled by K, and the boundary operator %a,,((,w) is uniformly oblique. Thus the
Schauder-type estimate Lemma A.2 gives |wg|1+5 < Clwglo < C. It remains to
estimate |wss|g . Solving Z1 (¢, w) = 0 for wss as in the proof of Lemma 4.6, we get

—h2Wey + 2hswwes + YH3 W2 — 3vH2ws — 3yHsw? — yw?
1+ w?

Wss = )

and hence |w|24 5 < C. O

We can now prove Proposition 5.12 by completing step 4.

Proof of Proposition 5.12. Let (¢, w) be a supercritical solitary wave with |w;|o <
K. In what follows we denote by C' > 0 constants depending only on K. By
Lemma 5.16, we have |w|;+p < C, where ' € (0,] depends only on K. Apply-
ing Lemma 5.17, we then have |w|a44 < C. In particular, this means |w|;45 < C, so
we can apply Lemma 5.17 again to get |w|z24p < C. O

Finally, we complete step 5 by writing .%({,w) = 0 in nondivergence form and
applying the weighted Schauder estimate Lemma A.9.

Proof of Proposition 5.13. Let ({,w) be a supercritical solitary wave satisfying
|ow|o < K, and for convenience set h = H +w and a = o, — (. By Proposition 5.12,
we have |w|a4p < C(K).

Writing % (¢, w) = 0 in nondivergence form, we see that ¢ = w solves

(1+ wi)npss — 2hshy s + hﬁgom 4+ b1z +bops =0 in €,

5.9
59) Wepz — (pws +2/u)ps +cp =0 ons=1,

together with ¢ = 0 on s = 0, where

4 2
by = —yH3w,, by = 3yH?2 + 3yHws + yw?, c= —O[wS + 2aw? + 705.

NG
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Since hg > §. by Proposition 2.4, (5.9) is a uniformly elliptic equation for . On s =1
we have 0 < H, +ws = 1/,/f1 + ws, so the coefficient of ¢ in the second line of (5.9)
satisfies

s+ 2 >~/ i+ 2/f = Vi

Thus the boundary condition in (5.9) is uniformly oblique. Moreover, we can bound
the C1TA(Q) norms of the coefficients appearing in (5.9) in terms of |w|a1s < K.
Using the weighted Schauder estimate Lemma A.9, we conclude that

|0’U}|2+,3 Scl(K,U)|0'w|0 §C2(K,0'). 0

5.6. Fixing the weight function. This section is devoted to the proof of
Proposition 5.18, which asserts that if a collection # of supercritical waves has |ws|o
uniformly bounded, then there exists a weight function o so that |ow|s4p is also
uniformly bounded along #. This will allow us to fix ¢ in section 5.7 and avoid
an alternative in Theorem 1.1 involving the weight function. We will prove Proposi-
tion 5.18 by combining the equidecay result Proposition 2.5, the uniform bounds in
Propositions 5.12 and 5.13, and an elementary fact about monotone functions.

PROPOSITION 5.18. Let # be a family of supercritical solitary waves with
sup(c)w)ew|ws|o < 0o. Then there exists a strictly positive even function o € C*°(R)

satisfying (3.1) so that

sup |o(z)w|a4s < oo.
Cw)ew

Proof. By Proposition 5.12, we have sup(¢ ey |w|24+5 < oo. Thus by Proposi-
tion 2.5, # has the equidecay property

lim sup sup |w(z,s)] =0.
TEO (¢ w)eW s€[0,1]

In particular, the function

F(z):= sup sup |w(z,s)]
(Cw)eW s€[0,1]

is even with F'(x) — 0 as x — +o00. By the monotonicity and elevation of supercritical
solitary waves, Propositions 2.1 and 2.2, f is monotone decreasing for = > 0, and
F(z) >0 for all z € R.

Our candidate weight function is 1/F(z), which is even, positive, goes to co as

x — £00, and is monotone increasing for z > 0. Assume for the moment that we can
find a smooth function o < 1/F with the above properties and

DFo

lim — =0 fork>1.
r—+oco O
Then o is a weight function satisfying the hypotheses of section 3.1, in particular

condition (3.1), as well as

sup |ow|o < sup |w/F(z)lo < 1.
(Cw)ew (Cw)e#

Applying Proposition 5.13, we have sup( ey |owl2+p < 0o as desired. Thus the
proof is complete, provided we can construct an appropriate o in terms of 1/F, which
is the content of Lemma 5.19 below. a
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LEMMA 5.19. Let f:[0,00) — (0,00) be a monotone increasing function with
f(x) = o0 as x — oo. Then there exists a smooth, monotone increasing function
g: [0,00) = (0,00) with g < f and g(x) — oo, such that

D
(5.10) lim =2 50, k=1,2,3,....

Proof. Define a sequence a,, inductively by
ao = f(0), npr =min { f(n+1), (14 +)an}.
We claim that a,, has the properties

An+41
Qn

an >0, an < f(n), an, < Gpi1, ay, — 00, — 1.
Now a, > 0 and a, < f(n) are clear from the definition. Combining this with the
monotonicity of f, we easily check that a,, < ant1. If ap41 = f(n+1) infinitely often,
then the monotonicity of a,, and f(z) — oo imply a, — co. On the other hand, if
ant1 = (1 +1/n)a, for n > N, then []>7 (1 +1/n) = oo also implies a, — oo.
Finally, a,, < ant+1 < (14 1/n)ay, forces ant1/an, — 1.

Now we construct ¢ in terms of a,. Let ¢: [0,1] — [0, 1] be a smooth, monotone
increasing function with ¢(z) = 0 for z < 1/4 and p(z) = 1 for = > 3/4. Setting
a_1 = ag, we define g piecewise by

g(x) = an—1 + (an — an—1)e(x —n), x € [n,n+1].
We easily check that g is smooth and monotone increasing, and also that
an—1 < g(z) <ap < f(z), x € [n,n+1].
In particular, since a,, — 0o, we have g — 0o as x — oco. Taking derivatives, we find

D¥g(x) = (an — an_1)DFo(x — n), x € [n,n+ 1],

and hence
DFg(x Ay — Ay Ay
2o pelim = (1= 2 Db, 1)
g(z) n an
Sending n — oo and using a,—_1/a, — 1, we obtain (5.10) as desired. O

5.7. Proof of the main theorem. We are now in a position to prove our main
result.

Proof of Theorem 1.3. Let ((,w) € ¥. By Lemma 5.3, w is nontrivial, w # 0.
Thus by Proposition 2.1, we have the elevation condition w(z,1) > 0 for x € R.
Applying Proposition 2.2 we get the monotonicity condition w, < 0 for x > 0 and
0<s<1.

First assume alternative (ii) holds, i.e., there exists a sequence ((,,wy,) € € with

Cn " . We claim that we can extract a subsequence with lim,, . wy,(0,1) >
d*/d — 1. If not, then

(5.11) supwy(0,1) = M < d*/d— 1.

But then Proposition 2.3 gives a.. — ¢, > C > 0 for all n, a contradiction.
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From now on we assume alternative (i) does not hold, i.e., sup(¢ ,,)ee|wslo < oo.
Applying Proposition 5.18, there exists a smooth even weight function o satisfying
(3.1) with

(5.12) sup |ow|zyg < 0.
(Cw)e?

Let 6 € (0,¢.). We claim that €2 \ %oc contains a solution with either ¢ = §
or ( = ag — 6. To see this, we first pick ({p,wo) € Gloc N €2. By Theorem 5.2,
€2\ {(Co, wo)} has exactly two connected components, €iocN{6 < ¢ < (o} and another
component €2+ which is either unbounded or meets the boundary of (8, ey —6) X %,
Since 0 < ¢ < a, is always bounded and

sup |owlaps < sup |ow|aqp < 00
(¢w)eed™ (Cw)e€

by (5.12) and €3>+ C € (Lemma 5.4), we conclude that €2* meets the boundary
of (6,er — 6) X %,. By Proposition 2.4, all ((,w) € € have hy > J, and hence
w € %,. Therefore 55057* cannot meet [d, ac; — 8] X 0%, and must instead meet
{8, ey — 0} X %, Since 6o only contains solutions with ¢ < (. < ae— 4, any solution
(er — 0,w) € €>F will not lie on ioc. Similarly, since €2+ and Gioc N {0 < ¢ < (o}
are disjoint, any solution (6, w) € €> will not lie on %joe. This proves the claim.

Sending 6 = 1/n — 0, we have proved the existence of a sequence ((,,w,) in
€ \ Gloc with either ¢, \, 0 or (, /" ac. The second possibility is alternative (ii),
which we have already dealt with, so assume that ¢, — 0. Because of (5.12), |ow |2+
is uniformly bounded, so we can extract a subsequence so that |/o(w, — w)|2 — 0
for some w € C2+7(Q). We easily check that (0,w) satisfies (1.19) as well as the weak
monotonicity condition w, > 0 for x > 0. If w = 0, then |w,|s — 0 as n — oo, so
by part (iii) of Theorem 4.1, (,,w,) lies on %o for n sufficiently large. But this
contradicts ((n,wp) € €\ Gloc. Thus w # 0, so Proposition 2.1 implies the elevation
condition w(x,1) > 0 for x € R, which is alternative (iii). 0

This completes the proof of Theorem 1.3, and hence, by Proposition 1.4, of The-
orem 1.1.

Appendix. Elliptic problems in infinite strips. In this appendix we will
prove results about elliptic problems in unbounded domains © = R™ x (0,1) which
are needed in sections 3 and 5. The main difficulty is the unboundedness of domain;
in a bounded domain most of this appendix would either be unnecessary or would
follow directly from standard elliptic theory. Because of this loss of compactness, the
usual proofs of local properness using Schauder estimates no longer work. Recall from
section 3 that we call a nonlinear mapping F': X — Y locally proper if F~1(K)N D
is compact whenever K C Y is compact and D C X is closed and bounded. We
will prove local properness using ideas from Volpert and Volpert [48], who consider
general elliptic systems in quite general unbounded domains. Our setting is much
simpler, and we will provide much more direct proofs of results in [48] for the reader’s
convenience.

In Appendix A.1, we will use translation invariance to prove a very mild extension
of the usual Schauder estimate, and also state a Schauder-type estimate for divergence
form equations from [10]. In Appendix A.2, we will specialize to equations with a
particular divergence structure, and prove a sufficient condition for invertibility. We
will begin following [48] in Appendix A.3, where we will prove local properness for
elliptic operators. The proof involves the so-called limiting operators obtained by
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sending |z| — oo in the coefficients. We will introduce weighted Holder spaces in
Appendix A.4, and prove weighted versions of the lemmas from Appendices A.1-
A.3. Most of these weighted lemmas will require a subexponential growth assumption
(A.11) on the weight function o, but Schauder estimates will only require a weaker
condition (A.12). In Appendix A.5, we will prove local properness for nonlinear elliptic
operators in weighted Holder spaces. The proof will use the weight to control quadratic
terms, essentially reducing the problem to the linear one treated in Appendix A.3.
Finally, in Appendix A.6, we will extend the above results to functions and operators
with a reflection symmetry.

A.1. Schauder estimates. Set & = R™ x (0,1) and let T'; = R™ x {1} and
'y = R™x {0} be the upper and lower boundaries of Q. In this section we’re interested
in elliptic boundary value problems of the form

(A1) Au = f in Q, Bu=g¢g onTy, u=0 on Iy,
where
(A.2) Au = CLijDijU + b Dju + cu, Bu = ~'Du + ou.

Fixing 8 € (0,1), we assume the regularity o™, b%, c € Cg(ﬁ) and «,v" € Cé"’ﬁ(l"l).
We also assume that A is uniformly elliptic and B is uniformly oblique, that is,

(A.3) a’ =ad’, a8 =P, T >

for some positive constant ¢. We are primarily interested in two-dimensional strips
with n =1, but take n = 2 in the proof of Lemma 3.7. By standard elliptic theory
[1], solutions u € CgJFB (Q) of (A.1) satisfy a Schauder estimate

(A.4) a4 < C(If1s + 19h+s + [ulo),

where the constant C' depends only on the ellipticity and obliqueness constants and
the stated norms of the coefficients. In fact, the requirement u € Cf)HB () can be
weakened to u € C2(Q) N C*A(Q).

LEMMA A.1. Suppose that u € CQ(2) N C*tA(Q) satisfies (A.1) with f € Cg(ﬁ)
and g € Ckl)'m (). Thenu € C§+B (Q). In particular, u satisfies the Schauder estimate
(A4).

Proof. For simplicity, we only give the proof for n = 1. Let 29 € R, and consider
a rectangle R = (zo — 1,29+ 1) x (0,1). We let 2R = (2o — 2,20 + 2) x (0, 1) be the
corresponding rectangle with twice the width. Combining Lemmas 6.4 and 6.29 from
[16], we see that

(A.5) lul218:r < C(Iflg:2r + 19141 g0, rar + [Ulo2R),

where the constant C' does not depend on xg. Since |u|a4g < Csupp|u|24s:r, We can
take the supremum of both sides of (A.5) over R and recover (A.4). 0

For divergence form equations we also have Schauder-type estimates which de-
mand less regularity on the coefficients. Consider the problem

(A.6) Di(a" Dju) =0 in Q, Y'Diu+au=0 on T}y, u=0 on I,

where a%/,~! satisfy the ellipticity and obliqueness condition (A.3).
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LEMMA A.2. Suppose that a¥,v* o € Cﬁ(_) and that u € CL(Q) is a weak
solution of (A.6). Then w has the additional regularity u € C’Hﬁ( Q). Moreover
luli48 < Clulo, where the constant C depends only on the dimension, the stated
norms of the coefficients, and the ellipticity and obliqueness constants.

Proof. In a periodic strip this follows from Theorem 3 in [9]. Since this theorem
is based on local estimates, we can extend it to the infinite strip as in the proof of

Lemma A.1. a

A.2. Invertibility for divergence form equations. We now set ) = R x
(0,1), and write points in Q as (z,y). We also specialize to equations with the special
divergence form structure

(A.7) Di(a“Dju) = f in Q, —a*Dju+au=gonly, u =0 on Iy,

where @ € R is a parameter and " € C.TP(Q). Note that the uniform ellipticity of
a® implies the uniform obliqueness of the boundary operator on I'y. Letting H be
the Hilbert space

H = {uec H(Q) : ulr, =0 in the trace sense},

we call u € H a weak solution of (A.7) if

// aijDiungodxdy—a/ ugpdx:—/ f(pd:t—k/ godx
Q Iy Q Iy

for all p € H. By the usual Lax-Milgram arguments, (A.7) will have a unique weak
solution for any f € L?(Q2) and g € L?(I';) provided that the associated bilinear form
is coercive. For o < 0 this follows from |lu||g < C||Dul| 2, which holds for functions
u € H since they vanish on I'g. So assume a > 0 and let w € H be smooth. Then

([ says) ([ 44000

2
lu(z, 1)|?

/ Dou(zx,y) dy

for each € R. Assuming that

A. = —
(A8) Moo [ty < L

we then easily check that

- y det(a®
// a’ DiuDjudx dy — a/ u?dx > // <a”DiuDju — aM#(Dguf) dz dy
Q r; Q a

> Cllull3-

Thus we have proved the following lemma.

LeMMA A.3. If (A.8) holds, then (A.7T) has a unique weak solution v € H
whenever f € L*(Q) and g € L*('y).

By a perturbation argument, we easily obtain the following.

COROLLARY A.4. Fix « satisfying (A.8). Then there exists € > 0 so that the
problem

Di(a"Dju) +b'Diu+cu=finQ, —a*Dju+ (a+y)u=gonTly, u=0onTy
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has a unique weak solution v € H whenever f € L*(Q), g € L3(T'y), and |b%|o, |c|o,
and |7y|1 are all less than ¢.

Using Corollary A.4, we can then prove invertibility in Hoélder spaces.

LEMMA A.5. If « satisfies (A.8), then (A.7) has a unique solution u € Cg+6(ﬁ)
for each f € Cg(ﬁ) and g € C%JFB(IH),

Proof. Fix « satisfying (A.8), and for ¢ > 0 define p.(z) = sechex, u. = peu,
fe =pef, and gc = p.g. Then (A.7) is equivalent to

(A.9)
D;(aY Dju.) + b.Djue + coue = f- in Q,  —a* Djue + (e + a)us = g- on I'y,

together with u. = 0 on I'g, where

_2Dipe g Dube iy QDiﬂeifjpeau G Direpy i = Dibe oy
Pe Pe Pz Pe Pe

b =
We observe that |bi|g, |cc|g, |acli+p — 0 as e — 0. Picking 0 < e < g¢ with g
sufficiently small, Corollary A.4 implies that (A.9) has a unique solution u. € H
whenever f. € L?(Q) and g. € L*(Ty). Since u € Cngﬁ(ﬁ) implies u. = p.u € H,
we have in particular that solutions v € CgJFB (Q) of (A.7) are unique. It remains
to show existence. Fix f € C{f(ﬁ), g € C%JFB(IH), and note that f. € L*(Q) and
ge € L?(T'y) for any € > 0. Therefore there exists a unique weak solution u. € H
of (A.9) for each 0 < £ < g9. By standard elliptic theory (Theorems 8.8 and 9.19 in
[16]), u. € C?FA(Q) N C{f (Q) solves (A.7). Our Schauder estimate Lemma A.1 and
uniqueness then give u. € C§+ﬂ (Q) with

luel2+p < C(|felp +19el1+8) < C(Ifls + |9l1+5),

where the constant C'is independent of € € (0, ). In the second inequality we’ve used
the fact that |pc|14s is uniformly bounded as ¢ — 0. Thus |uc|24 s is bounded uni-
formly in &, and we can take a subsequence &,, — 0 so that u., — uin C2_(Q) for some

u € CSJ”B(Q). Since f. — f in O (Q), g- — g in C}(I'1), and |bi|g, [cc|s, |aci45 —
0, we conclude that u solves (A.7). ad

We note that the condition (A.8) appearing in Lemma A.5 is sharp in the following
sense. Suppose that a*/ is diagonal and depends only on the vertical variable y. Then
u(y) = [y ZT% has ©(0) = 0 and D;(a” Dju) = 0 in Q, with ¥ D;u + au = 0 if and
only if equality holds in (A.8).

Allowing for complex-valued functions, we obtain a similar result for an eigenvalue
problem.

LEMMA A.6. Fir « satisfying (A.8). Then there exists kg < 0 so that, for any

k € C\ (=00, ko] and complez-valued f € Cg Q), g€ CéJr'B(l"l), the problem
Di(aiiju) — ku = fin €, —anDju +au=gonly, u=0onTIYy

has a unique (complez-valued) solution u € CgJFB Q).

A.3. Limiting problems and properness. We continue to set 2 = R x (0,1)
and to write points in 2 as (z,y). Define the Banach spaces

Xy, = {u e C2P @) : ulr, =0}, Yy = CEQ) x CFP(Ty).
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Letting A, B be as in (A.2), we can think of (A, B) as a bounded linear operator

L = (A,B): Xy, — Y. In this section we will give sufficient conditions for L to

be locally proper. For linear operators, local properness is equivalent to being semi-

Fredholm with index < +o0, i.e., having a closed range and finite-dimensional kernel.
Suppose that, as z — Fo0,

a(w,y) = a(y), V() =b), cwy) =y, a@)—>d ()=,

where @ b, ¢ € C#[0,1]. For any sequence z,, with |z,| — oo we can define shifted
coefficients a¥/ (z,y) = a” (x + ,,y). Since the @ are uniformly bounded in Cf (),
we can extract a subsequence so that a¥ — @ in Cﬁ)c(ﬁ). Analogous statements
hold for the other shifted coefficients b}, ¢,,. Performing these extractions, we define
shifted and limiting operators

Apu = a9 Diju+ b Diu + cpu, Bou = apu + B Diu, L, = (An, Bp),
Au =9 Diju+ ' Dyu + cu, Bu = &u+7'Diu, L=(4,B).

LEMMA A.7. Assume the homogeneous limiting problem Lu = 0 has no nontrivial
solutions u £ 0 in Xy. Then L: Xy, — Yy, is locally proper.

Proof. Let u, be a bounded sequence in Xy, such that Lu, — f = (f1, f2) in
Y,. We need to show that w, has a subsequence converging in Xj,. Extracting a

subsequence, u, — u in CZ _(Q) with u € C§+B(§_) and Lu = f. By the Schauder
estimate (A.4), it suffices to show u, — u in C2(Q). Assume that this is not true.
Since u,, — u locally, we can extract a subsequence so that

|un(xn7yn) - u(xnayn” 2 d > 0,
where (1,,,y,) € Q satisfies |z,,| — co and y,, — yo. Define
Un(xa y) = un(x + xnay) - u($ + xn,y).

2 (Q), where v €
CSJFB (Q), and also that L,v, — Lv in C2 _(Q) x CL (T'1). Since Lyv, = fr, — f — 0
in Y}, we must have Lv = 0. But

Extracting another subsequence, we can assume v, — v in C?

|’U(O, y0)| = nlgrgolun(xnvyo) - u(xna y0)| > 0,

so v # 0, a contradiction. d

A.4. Weighted Ho6lder spaces. For unbounded domains 2 the inclusion of
C{;Jr’g (Q) into CﬁJW () with £ + v < k + B is no longer compact. As a replacement,
we will use the following elementary lemma.

LEMMA A.8. Let Q C R™ be an unbounded domain and set Qp = QN {|z| > R}.

If a sequence u, € C§+ﬁ(ﬁ) has up, — u in C{?C'ﬁ(ﬁ) and satisfies the equidecay
condition
(A.10) lim sup|un|k+8.05 =0,

R—oo p

then u, — u € C§+ﬁ(ﬁ). In particular, suppose that £ + v > k + [ and that

Uy € Cﬁ""y(ﬁ) is a bounded sequence satisfying (A.10). Then wu, has a subsequence
o kB

converging in C,," " (Q).
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In light of Lemma A.8, it will be convenient to work in function spaces where the
norm controls the rate of decay at infinity. Since products of functions decaying at
a certain rate will decay even faster, these spaces are especially useful for nonlinear
problems.

Let 0: Q — (0, 00) be a strictly positive smooth function. We define the weighted
Hoélder spaces

CHB@Q) = {u e CHP(Q) : |ou|pss < 00}
An obvious feature of this definition is that u +— ou is an isometric isomorphism
Ck8(Q) — CFP(Q). The weight functions ¢ we will consider will usually satisfy
(6%

(A.11) lim o = oo, lim

|| =00 |z| 500 O

=0 for all multi-indices o # 0.

The first part of (A.11) guarantees that C*+#(Q) C C{;JFB (Q) is a space of functions
vanishing as |z| — co. The second part guarantees that o grows more slowly than

any exponential C'e¥/*l. Many of the results of this section only require the weaker
hypothesis

|D%a| .
(A.12) sup < oo for all multi-indices o # 0.

T g

To understand the role of the assumptions (A.11) and (A.12), consider a bounded lin-
car operator A: CEP(Q) — O (Q). Questions about A as an operator C57(Q) —
C'*8(Q) are easily translated into questions about the conjugated operator A, (u) =
ocA(oc~1u) as a map CSJFB(Q) — CﬁJFB (Q). For the operators A we will now consider,
A — A, is bounded when o satisfies (A.12) and compact when o satisfies (A.11).

Let Q@ = R™ x (0,1), and L, A, B be as in (A.2). The conjugated operators
As(u) = cA(c~ u) and B,u = 0B(c~'u) are given by

Ayu = Au —2a" —DjUDiu —(a" Dijo _ 2a" Diobjo + b’ Dig u,
(A.13) o o o2 o
. Dig

Bou = Bu —~' U.

Notice that the highest order coefficients of A, and B, are the same as those for A
and B. Moreover, if (A.12) holds, then the coefficients of A, are C’g (©) and those of

B, are CgJFB (T'1). This allows us to easily prove the following lemma.

LEMMA A.9. Suppose that a¥ b c € Cg(ﬁ) and o,y € C%JFB(IH), and that
o satisfies (A.12). If u € CYUQ) N C**P(Q) solves (A.1) with f € C2(Q) and
g € CHB(Q), then u € C*P(Q) and u satisfies the Schauder estimate

(A.14) loul215 < C(loflp + |oglis + oulo),

where the constant C' depends only on o, the ellipticity and obliqueness constants, and
the stated norms of the coefficients of A, B.

Proof. Simply apply Lemma A.1 with A, B replaced by A,, B, and u, f, g replaced
by of,og,ou. O

Similarly, when (A.11) holds, we can show properness between weighted spaces.
Define

(A.15) X, ={uecC?*P(Q) :ulp, =0}, Y, =CP(Q) x CFA(Ty).
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LEMMA A.10. Suppose that L: Xy — Yy, is semi-Fredholm with index v < oo
and that o satisfies (A.11). Then L is also semi-Fredholm with index v as a map
X, —Y,.

Proof. Since the Fredholm index of L: X, — Y, is the same as the index of the
conjugated operator L, = (A,, B,): Xp — Yy, it suffices to show that L, — L: X}, —
Y}, is compact. Writing (A.13) as

Asu— Au = bf,Diu + cf,u, B,u — Bu = asu,
we note that, thanks to (A.11), the coefficients b’ , c,, a, satisfy
|b§r|3;QR7 |C<Z'7|,3;QR7 |a0|1+3;QR —0 as R — o0,

where Qr = {(z,y) € Q : |z| > R}. Applying Lemma A.8, we conclude that L — L,
is compact. 0

Finally, when (A.11) holds, invertibility in unweighted spaces implies invertibility
with weights.

LEMMA A.11. Suppose that L: Xy, — Y}, is invertible and that o satisfies (A.11).
Then L is also invertible as a map X, — Y.

Proof. Since L: Xy, — Y}, is invertible, it is Fredholm with index 0, so by
Lemma A.10, L: X, — Y, is also Fredholm with index 0. It therefore suffices to
show that it has trivial kernel. But X, C X, so the kernel of L: X, — Y, is con-
tained in the kernel of L: X}, — Y}, which is trivial. 0

A.5. Properness of nonlinear elliptic operators. In this section we will
prove local properness for nonlinear elliptic operators in weighted Holder spaces. Un-
like in Appendices A.1-A.3, the weight function o will play a central role in the ar-
gument. We note that sections 2.4 and 3.6 of Chapter 11 in [47] give an example of a
nonlinear elliptic operator between unweighted spaces which fails to be locally proper
even though its linearized operators are. There are approaches to local properness
in unbounded domains that do not involve weights, see [40], but they do not apply
directly to our problem because of its fully nonlinear boundary condition.

Let Q =R x (0,1), and fix a weight function o satisfying (A.11). Defining X, and
Y, as in (A.15), let 2 C X, be a closed, convex set. We require Z to be the closure
of some open subset of X,. We also assume that 2 has the following property: if
uy is a sequence in 2 with u,, — u in C2_(Q), then u € 2. This condition is easily
verified for domains & defined by pomtvvlse inequalities.

Define a C? nonlinear mapping .%: 4 — Y, by

F1(u)(2) = Fi(z,u, Du, D*u), Fa(u)(z) = Fa(z,u, Du).

We write F; = Fi(z,71) and Fy = Fy(z,(), where n € R x R? x R2%? and ¢ € R x R2.
We suppose that F} is smooth in 1 and Holder continuous in z with uniform bounds

sup max|| DIF(+,m)los @) < oo, SupmaXIIDﬂFl( Mo gmi<ary) < o0
In|<M IB]<2 2€Q 18]

for any M > 0. Similarly we suppose that F» is smooth in ¢ and Hoélder continuous
in z with

sup max || DZFa( -, )l o) < 00, sup maXHDBF2( Ileoricr<nyy < oo
[cl<M 1812 zel I1BIS
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Finally, we assume that the Fréchet derivative %, (u): X, — Y, is locally proper
for each u € 2. Note that if .%,(0) has a limiting problem, then this will also be a
limiting problem for .%, (u) whenever u € X,.

LEMMA A.12. Under the above assumptions, F: 9 — Y, is proper.

Proof. By intersecting & with a closed ball in X, it suffices to consider the case
where 2 is bounded. Let u,, be a sequence in 2 with % (u,) — f = (f1, f2) in Y.
We need to show that u, has a convergent subsequence. As usual, we can extract
a subsequence so that u,, — u in CZ _(Q), where u € X,. By our hypothesis on 2,

loc
u € P and ¥ (u) = f. Taylor expanding in u, we write

Fu(W)up —u] = F(un) — F(u) + Z(u,un),

where we think of Z(u, u,,) as a remainder term. By the local properness of %, (u), it is
enough to show Z(u,u,) — 0inY,. Let v = (u, Du, D*u) and v,, = (u,, Du,, D*u,).
Then

I (u,un)(2) = /0 (1 = s)Fipp(z,v+ s(vy, — v))(vy — v, —v) ds
=: Rin(2)(vp, — v, 05 —v),

where Ri,(z) is a quadratic form. By our assumptions on F; and the boundedness

of 9, the coefficients of Ry, are bounded in C’g (Q), uniformly in n. Thus, for any
UcCQ,

(A.16)
|U=%’1(U7Un)|ﬁ;U < O|U_1|5;U|‘7vn - Uv|ﬁ;U|UUn - UU|0;U < C|‘7—1|5;U|Cwn - ovlov,

where C is independent of U. Since v,, — vg in CY _(Q), (A.16) gives 021 (v,v,) — 0
in C’fic(ﬁ). On the other hand, setting Q, = {(z,y) € Q : |z| > r}, (A.16) gives
loZ1 (v, v)|g:0, < Clo Y g, — 0 as r — 0, uniformly in n. Thus Lemma A.8
implies |0%1(v,v,)|g — 0. Arguing similarly for #» we find Z(u,u,) — 0 in Y, as
desired. O

This result is easily extended to the case where % depends smoothly on a pa-
rameter A € [0, 1], provided the bounds on Fi, F> and their derivatives are satisfied
uniformly in A.

A.6. Problems with symmetry. Let Xy, X,,Y;,, Y, and L = (A, B) be as in
Appendices A.1 and A.4, and define

Ru($1,$2, s axnvy) = u(_$1,$2, s ,xn,y).

Assume that o, A, B have the symmetry Ro = o, ARu = RAu, and BRu = RBu,
and set X = {u € X : Ru = u} and so on. The following lemma is straightforward.

LEMMA A.13. Under the above assumptions, the results in Appendices A.1, A.2,
A4, and A5 remain valid if we replace Xy, by Xy, Y, by Yy, and so on. As for

Lemma A.7, suppose that the homogeneous limiting problem Lu = 0 has no nontrivial
solutions u # 0 in Xy. Then L®: X{ — Y is locally proper.
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